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1 Introduction

In this paper, it is shown that the kind of preferences that has been introduced by Gul and

Pesendorfer (2014) as a normative description of choice under ambiguity is hard to reconcile

with general equilibrium theory, in the sense that, under standard conditions that will be

made precise, non-existence of equilibrium is generic if agents have that kind of preferences.

Gul and Pesendorfer (2014) have generalised the notion of maximin expected utility

(MEU), according to which the utility of an ambiguous prospect only depends on the worst

possible outcome, by allowing it to depend also on the best possible outcome.1

According to their expected uncertain utility (EUU) theory, agents maximise the expected

value of an interval utility function, which attributes a utility index to a set of possible

outcomes whose probabilities an agent cannot quantify. This utility index only depends on

the worst and the best possible outcomes.

Such preferences are able to rationalise various types of deviations from expected utility

maximisation (Allais, 1953; Ellsberg, 1961). However, as shown below, the choice behaviour

prescribed by EUU theory is incompatible with equilibrium theory in the spirit of Arrow

and Debreu (1954), because, under standard assumptions, equilibrium does not exist.2

The failure of existence of equilibrium has its origin in the fact that the marginal utility

of consumption in one of a set of ambiguous states is strictly positive for consumption levels

below the minimum or above the maximum consumption level over the remaining states,

but is null between these two thresholds.

For instance, suppose that there are four possible states of nature and consider the

consumption plan (x1, x2, x3, x4), with x1 < x2 < x3 < x4. An EUU maximiser is indifferent

between (x1, x2, x3, x4) and (x1, x1, x1, x4), but the second possibility has the advantage of

being cheaper. In general, given a set of ambiguous states, an agent with EUU preferences

chooses the same consumption level across all states except one. In the state in which the

1See also Arrow and Hurwicz (1972).

2It is well known that existence of equilibrium is guaranteed if agents have MEU-preferences (Correia-
da-Silva and Hervés-Beloso, 2009; de Castro, Pesce and Yannelis, 2011). It is the strict monotonicity of the
interval utility as a function of the best possible outcome that leads to the failure of existence of equilibrium.
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price is the lowest, the agent may choose a higher level of consumption.

As a result, a pigeonhole principle argument implies that if there are more states than

the number of agents plus one, then there are two states in which the consumption profile is

the same. For example, if there are only two agents and they choose the consumption plans

(y1, y2, y1, y1) and (z2, z1, z1, z1), aggregate consumption is the same in the third and fourth

states. If the aggregate endowment is different across all states, then, exact feasibility fails.

This is incompatible with existence of equilibrium with strictly positive prices. Some equi-

librium price would have to be null. However, with a null price, demand for that contingent

good would become unbounded. The conclusion is that there exists no equilibrium.

2 Model

Consider an economy with a finite number of agents, I = {1, ..., I}, a single commodity, and

a finite number of states of nature, S = {1, ..., S}. Each agent i ∈ I has state-contingent

endowments, denoted by ei ∈ IRS
+, which she trades under uncertainty (risk and ambiguity).

Each agent i ∈ I is also endowed with a partition P i of the set of states of nature

that describes the structure of risk and ambiguity that she faces. Agent i knows that the

probability of occurrence of any event E that belongs to the σ-algebra generated by P i is

given by
∑

s∈E µs, where µ = (µ1, ..., µS), with µs > 0, ∀s ∈ S, and
∑

s∈S µs = 1, is a

probability measure that is common to all agents.

The preferences of agent i ∈ I over consumption plans, zi ∈ IRS
+, that are measurable

with respect to the σ-algebra generated by P i can be described through an expected utility

function, U i : IRS
+ → IR, such that:

U i(xi) =
∑

s∈S
µsv

i(xis),

where vi : IR+ → IR is a standard von Neumann-Morgenstern utility index.

However, agent i faces ambiguity relatively to the probabilities of occurrence of states of

nature that belong to the same set of her partition, P i. The preferences of agent i ∈ I over
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consumption plans that are not measurable with respect to the σ-algebra generated by P i

are described by expected uncertain utility (EUU) functions (Gul and Pesendorfer, 2014).

To evaluate the expected uncertain utility of a consumption plan, xi, that is not measur-

able with respect to the σ-algebra generated by P i, agent i considers a lower bound, xi1, and

an upper bound, xi2, defined as follows (for each s ∈ S):

xi1s ≡ min
s∈P i(s)

xis,

xi2s ≡ max
s∈P i(s)

xis.

The interval utility function of agent i, ui : IR2
+ → IR, attributes a utility level, ui(xi1s, x

i
2s),

to an ambiguous prospect with consumption levels between xi1s and xi2s. The objective

function of agent i ∈ I, who is an expected uncertain utility maximizer, is, thus:

U i(xi) =
∑

s∈S
µs u

i
(
xi1s, x

i
2s

)
.

Consistency of the proposed extension of preferences from risky prospects (consumption

plans that are measurable with respect to the σ-algebra generated by P i) to ambiguous

prospects (consumption plans that are not) requires that ui(z, z) = vi(z), ∀z ∈ IR+.

The following assumption excludes the particular case in which agents are maximin ex-

pected utility (MEU) maximizers. If agents have MEU preferences, it is well known that

equilibrium exists under general conditions (Correia-da-Silva and Hervés-Beloso, 2009; de

Castro, Pesce and Yannelis, 2011).

Assumption 1. The interval utility functions of the agents are strictly increasing in the

first and in the second variable.

In this economy, agents trade contingent claims under uncertainty (Arrow, 1953; Debreu,

1959). Each agent i ∈ I trades her state-contingent endowments for a consumption plan

that maximizes her expected uncertain utility, subject to the following budget restriction:

xi ∈ Bi(p) ⇔ p · xi ≤ p · ei,

4



where p = (p1, ..., pS) is a price system. Each coordinate, ps, represents the price paid

ex ante for the delivery of one unit of consumption if state s occurs. Price systems are

normalized to belong to the simplex, ∆S ≡
{
q ∈ IR+ :

∑
s∈S qs = 1

}
.

A general economic equilibrium (Arrow and Debreu, 1954) consists of a price system,

p∗ ∈ ∆S, and an allocation, x∗ =
(
x1∗, ..., xI∗

)
∈ IRIS, that are compatible with individual

optimization and market clearing:

(i) xi∗ ∈ argmaxxi∈Bi(p∗) U
i(xi), ∀i ∈ I,

(ii)
∑

i∈I x
i∗
s ≤

∑
i∈I e

i
s, ∀s ∈ S.

Strict monotonicity of the interval utility functions implies that equilibrium prices (if they

exist) must be strictly positive. If there existed a null price, the demand for consumption

in the corresponding state would be unbounded.

Remark 1. Equilibrium prices (if they exist) must be strictly positive.

Proof. Suppose that (p∗, x∗) is an equilibrium and that there exists a state s ∈ S such that

ps = 0. Let xi
′
s = xi∗s + ε, where ε > 0, and xi

′
t = xi∗t , ∀t 6= s. From strict monotonicity

of the interval utility function, U i(xi
′
) > U i(xi∗). Since p∗ · xi′ = p∗ · xi∗, the equilibrium

consumption plan of agent i is not individually optimal. Contradiction.

The null marginal utility of consumption in the interior of the interval (xi1s, x
i
2s) implies

that agents are not willing to pay a strictly positive price to increase their consumption

level in state s from xi1s to any level not higher than xi2s. This leads to the following

characterisation of individual optimising behaviour.

Remark 2. If prices are strictly positive, an agent maximises uncertain expected utility by

consuming the same (xi1s) in all states that belong to a given element of her partition, with

the possible exception of a single state, in which the agent consumes more (xi2s).

Proof. Suppose that there exists i ∈ I and s ∈ S such that xis ∈ (xi1s, x
i
2s). If that is

the case, xi does not maximise the utility of agent i in Bi(p). Agent i ∈ I is better-off
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by slightly decreasing consumption in state s and slightly increasing consumption in the

remaining states. For example, let xi
′
s = xis − ε/ps + ε and xi

′
t = xit + ε, ∀t 6= s. This

modification is budget-neutral and increases utility if 0 < ε < ps (xis − xi1s).

Let P ≡ ∨i∈I Pi denote the join (coarsest common refinement) of the partitions of all

agents. A cell of P is a set of states that are seen as ambiguous by all agents. Let N

denote the cardinality of the largest cell of P , i.e., N ≡ maxs∈S #P (s). If this cardinality

is sufficiently high, there must exist a states with equal consumption profiles.

Remark 3. If N > I+1, there exists a set A ⊂ S with cardinality N−I such that all agents

choose the same consumption level across states in A: xis = xit = xi1s, ∀i ∈ I, ∀s, t ∈ A.

Proof. Consider the N states that constitute a cell of P with maximum cardinality. From

Remark 2, each agent i ∈ I consumes the same in all N states with the possible exception

of a single state. Therefore, there must exist N − I states across which all agents consume

the same.

The above remark implies that, if N > I + 1, unless aggregate endowments are the same

in all states of A, markets cannot clear. There are states in which aggregate consumption

is strictly lower than aggregate endowments. In those states, equilibrium prices would have

to be null. However, that is not possible because demand would be unbounded (see Remark

1). Hence, in that case, there exists no equilibrium.

Proposition 1. Suppose that N > I + 1 and that
∑

i e
i
s differs across all states s ∈ S.

Then, there does not exist an equilibrium.

Proof. Consider the N states that constitute a cell of P with maximum cardinality. From

Remark 3, there exist states s and t across which agents consume the same. Therefore,
∑

i x
i
s =

∑
i x

i
t. If

∑
i e

i
s <

∑
i e

i
t, exact feasibility is violated in state t. Otherwise, it

is violated in state s. From Remark 1, equilibrium prices must be strictly positive. Thus,
∑

i

∑
s psx

i
s <

∑
i

∑
s pse

i
s. Since optimizing agents choose consumption plans in the frontier

of their budget sets,
∑

i

∑
s psx

i
s =

∑
i

∑
s pse

i
s. Contradiction.
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An alternative formulation of the non-existence result follows from considering a space

of economies, E ≡ IRIS
++, in which preferences are kept fixed and the profile of endowments,

e ∈ IRIS
++, completely defines the economy. Generically in the space of economies, the

aggregate endowment differs across any pair of states of nature and, therefore, there does

not exist an equilibrium.

Remark 4. Suppose that N > I + 1. Generically, there does not exist an equilibrium.

Proof. Fix the preferences of the agents. An economy is fully characterized by the vector

of initial endowments, e ∈ IRIS
+ . Consider the space of economies E = IRIS

+ . Observe that,

in an open and dense subset of E , total endowments differ across states. From Proposition

1, there does not exist an equilibrium.

3 Conclusion

If agents are expected uncertain utility maximisers and there exists a sufficiently large set of

states among which all agents are ambiguous, an Arrow-Debreu equilibrium seldom exists.

Hence, general equilibrium theory and expected uncertain utility theory as formulated by

Gul and Pesendorfer (2014) seem to be incompatible.
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