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Abstract

We focus on the problem of rank estimation in an unknown symmetric matrix based on a
symmetric, asymptotically normal estimator of the matrix. The related positive definite limit
covariance matrix is assumed to be estimated consistently, and to have either a Kronecker product
or an arbitrary structure. These assumptions are standard although they also exclude the case
when the matrix estimator is positive or negative semidefinite. We adapt and reexamine here some
available rank tests, and introduce a new rank test based on the eigenvalues of the matrix estimator.
We discuss several applications where rank estimation in symmetric matrices is of interest, and also
provide a small simulation study and an application.

Keywords: rank, symmetric matrix, eigenvalues, matrix decompositions, estimation, asymptotic
normality, consistency.

JEL classification: C12, C13.

1 Introduction

Let M be an unknown n × k matrix, M̂ be its estimator and rk{M} denote the rank of the matrix
M . Suppose that M̂ is asymptotically normal having the limiting covariance matrix C which can
be consistently estimated by Ĉ. Under these assumptions, many authors have proposed ways to
estimate the rank of the unknown matrix M by using the estimators M̂ and Ĉ. The recent and
commonly used rank tests are the LDU (Lower-Diagonal-Upper triangular decomposition) test of Gill
and Lewbel (1992), Cragg and Donald (1996), the Minimum Chi-Squared (MINCHI2) test of Cragg
and Donald (1997), the ALS (Asymptotic Least Squares) test of Gouriéroux, Monfort and Trognon
(1985) and Robin and Smith (1995), the SVD (Singular Value Decomposition) tests in Ratsimalahelo
(2002, 2003) and Kleibergen and Paap (2003), or the characteristic root test of Robin and Smith
(1995, 2000). The aforementioned papers also discuss many situations where the rank estimation is
of interest, for example, in the context of factor and state-space models, cointegration and the theory
of demand systems. See also Anderson (1951), Camba-Mendez, Kapetanios, Smith and Weale (2003),
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Camba-Mendez and Kapetanios (2001), Donkers and Schafgans (2003), Lewbel (1991), Donald (1997),
Fortuna (2004), Bura and Cook (2001, 2003) and others. The limiting covariance matrix C of M̂ can
have either a Kronecker product structure C = A⊗B or a general, non-Kronecker product structure.
The Kronecker product structure of C allows, for example, to obtain simpler expressions of the related
rank test statistics and to establish their exact asymptotics.

In some applications (see Section 3 below) the unknown matrix M and its estimator M̂ are sym-
metric. It is generally believed that, after a few slight modifications, available rank tests work for
symmetric matrices as well. For example, the MINCHI2 statistic for the rank test of H0 : rk{M} = r
with n × n symmetric matrices M, M̂ follows a χ2 distribution with (n − r)(n − r + 1)/2 degrees of
freedom, whereas the limiting χ2 distribution has (n− r)2 degrees of freedom in the case of arbitrary,
nonsymmetric square matrices M, M̂ (Cragg and Donald (1997), p. 235, Robin and Smith (1995)).
Though rank tests work for symmetric matrices as well, the related results are scattered through the
literature and are often discussed superficially. One of our goals is to gather various available rank
tests for symmetric matrices. Another goal is to shed additional light on some of these tests.

We suppose below that there is a symmetric, asymptotically normal estimator M̂ of the unknown
matrix M . In fact, we use two different sets of assumptions, Assumptions (A) and (A∗) in Section 2
below, expressing the asymptotic normality condition. Assumptions (A) involve a limit covariance-
like matrix which has a Kronecker product structure. These assumptions arise in some but not all
applications involving symmetric matrices. Assumptions (A∗) are more general as they allow the
limit covariance matrix associated with M̂ to be arbitrary. These assumptions are those commonly
encountered in the Statistics and Econometrics literature. We should point out, however, that they also
exclude the cases when the matrix M̂ is, in addition, positive or negative semidefinite (see Proposition
2.3 and the discussion following it below).

Given either Assumptions (A) or (A∗), we shall discuss below the MINCHI2, LDU and SVD rank
tests for symmetric matrices. In particular, under stronger Assumptions (A), we shall establish an
exact asymptotics of the related MINCHI2 statistic. In the case of the LDU test for symmetric
matrices, we shall introduce the symmetric pivoting procedure to replace the complete pivoting used
in the Gaussian elimination of unrestricted matrices.

In addition to well-known rank tests above, we shall introduce a rank test based on the eigenvalues
of the symmetric matrices themselves. Moreover, we will do so only for the case of symmetric, positive
or negative semidefinite matrices M . Observe also that symmetric matrices are special among all
matrices: it is possible to define eigenvalues only for square matrices and the eigenvalues of a square
matrix are always real when the matrix is symmetric. The resulting EIG rank test is easy to formulate
under stronger Assumptions (A), and becomes more involved when Assumptions (A∗) are used. Under
Assumptions (A), the EIG rank test was already used, albeit implicitly, in Donald (1997) and Fortuna
(2004). We state it here in general and also prove it under more general assumptions.

We shall focus throughout the paper on rank tests, that is, tests for H0 : rk{M} ≤ r against
H1 : rk{M} > r, rather than on estimation of rk{M} itself. The latter follows from the rank tests in
a standard way, for example, by using sequential testing (see Section 3 in Cragg and Donald (1997),
Section 5 in Robin and Smith (2000)), or the model selection approach. Observe also that, because of
the one-sided nature of the rank tests, one often writes H0 : rk{M} = r instead of H0 : rk{M} ≤ r.

The paper is organized as follows. In Section 2, we state and discuss the assumptions used in this
work. Some situations where rank estimation in symmetric matrices arise, are described in Section 3.
The EIG rank test is given in Section 4. In particular, this test sheds light on the MINCHI2 test of
Section 5. The LDU and SVD rank tests are considered in Sections 6 and 7, respectively. A simulation
study and an application can be found in Sections 8 and 9, respectively. The proofs of all technical
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results are contained in Appendix A.

2 Assumptions and other preliminaries

Suppose that M is an unknown symmetric n × n matrix with real entries. We are interested in
estimating the rank of the matrix M by using its estimator M̂ = M̂(N) where N is the sample size
or any other relevant parameter such that N → ∞. Let Zn be a symmetric n × n matrix having
independent normal entries with variance 1 on the diagonal and variance 1/2 off the diagonal. Our
first assumption concerns the limiting distribution of an appropriately normalized estimator of the
unknown matrix.

Assumptions (A). There are real, symmetric n× n matrices M̂ = M̂(N) such that
√

NF (M̂ −M)F ′ d→ Zn (2.1)

as N →∞, where →d stands for the convergence in distribution and F is a nonsingular n×n matrix.
There are matrices F̂ such that

F̂
p→ F, (2.2)

where →p stands for the convergence in probability.

Letting vec and ⊗ denote the standard vec operator and the Kronecker product, respectively, the
condition (2.1) can be expressed as

√
N(F ⊗ F )vec(M̂ −M) →d vec(Zn) or

√
Nvec(M̂ −M) d→ (F−1 ⊗ F−1)vec(Zn). (2.3)

Observe that the matrix F−1⊗F−1 on the right-hand side of (2.3) has a Kronecker product structure.
Observe also that, since the matrices M̂ and M are symmetric, the vector

√
Nvec(M̂ − M) has a

singular limiting covariance matrix. One can avoid singularity by using the standard vech operator
which stacks in a column only the lower triangular part of a symmetric matrix.

Let also Dn and Kn be the n2×n(n+1)/2 duplication matrix and the n2×n2 commutation matrix,
respectively, satisfying

vec(A) = Dnvech(A), Knvec(B) = vec(B′), (2.4)

for any n× n symmetric matrix A and any n× n matrix B (see, for example, Magnus and Neudecker
(1999), pp. 46–53). It is known that D′

nDn is nonsingular and that

D+
n = (D′

nDn)−1D′
n (2.5)

is the Moore-Penrose inverse of the matrix Dn. The matrix D+
n is n(n+1)/2×n2, satisfies vech(A) =

D+
n vec(A) for a symmetric matrix A and is also known as the elimination matrix. The matrices Dn,

D+
n and Kn arise naturally in the context of symmetric matrices and will be used extensively in the

presentation below.
We can now express the condition (2.3) in terms of the vech operator and a nonsingular limit

covariance matrix. Observe that

Zn
d=
Xn + X ′

n

2
(2.6)

with Xn =d N (0, In2) and hence, by using (2.4) and Theorem 12,(b), in Magnus and Neudecker (1999),
p. 49,

vec(Zn) d= N (0, Ω) with Ω =
1
2
(In2 + Kn) = DnD+

n . (2.7)
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Then, the vector (F−1⊗F−1)vec(Zn) in (2.3) has the covariance matrix (F−1⊗F−1)DnD+
n (F−1⊗F−1).

Writing vec(M̂−M) = Dnvech(M̂−M) in (2.3) and pre-multiplying (2.3) by D+
n so that D+

n Dn = In2 ,
we obtain that the limit covariance matrix of

√
Nvech(M̂ −M) is

D+
n (F−1 ⊗ F−1)DnD+

n (F−1 ⊗ F−1)D+
n
′
. (2.8)

We may now use Theorem 13,(b) and (d), in Magnus and Neudecker (1999), pp. 49-50, to reexpress
(2.8) as in the following proposition.

Proposition 2.1 The condition (2.1) or (2.2) is equivalent to

√
Nvech(M̂ −M) d→ N (0, C),

where
C = D+

n ((F ′F )−1 ⊗ (F ′F )−1)D+
n
′ = (D′

n(F ′F ⊗ F ′F )Dn)−1. (2.9)

Observe that the covariance C in (2.9) has a Kronecker product like structure. More generally, as
commonly found in the Statistics and Econometrics literature, one can assume that the matrix C is
arbitrary.

Assumptions (A∗). There are symmetric matrices M̂ such that

√
Nvech(M̂ −M) d→ N (0, C), (2.10)

where the matrix C is positive definite. There are also matrices Ĉ such that

Ĉ
p→ C. (2.11)

In the sequel, we shall use either Assumptions (A) or (A∗), and refer to Assumptions (A) by saying
that the related limit covariance matrix has a Kronecker product structure. We shall also use (2.10)
expressed as √

N(M̂ −M) d→ Y, (2.12)

where Y is such that
vec(Y) d= N (0,W ) with W = DnCD′

n. (2.13)

The matrix W is singular because M̂ and M are symmetric.
Observe also that √

NF (M̂ −M)G′ d→ Zn, (2.14)

where G is another nonsingular matrix, may seem a more general Kronecker product structure than
that used in (2.1). The next proposition shows that the condition (2.14) can be reduced to (2.1). This
proposition is proved in Appendix A. Its proofs relies solely on the symmetry of M̂ and M .

Proposition 2.2 If (2.14) holds, then G = cF for some c ∈ IR\{0}. Hence, the condition (2.14) can
be reduced to (2.1) with F replaced by

√|c|F .

Let us also point out another important consequence of Assumptions (A) and (A∗). Under these
assumptions, the estimator M̂ cannot be positive or negative semidefinite.
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Proposition 2.3 If Assumptions (A∗) hold with a positive definite matrix C and rk{M} < n, then
M̂ cannot be positive or negative semidefinite.

The proposition shows that Assumptions (A∗) exclude some interesting cases of rank estimation
in symmetric matrices, for example, the case when M = Σ and M̂ = Σ̂ are theoretical and sample
covariance matrices. These problems should therefore be addressed through a different approach.
Some authors have, in fact, incorrectly assumed that it was possible to have rank deficiency for a
semidefinite matrix and at the same time have a positive definite variance covariance matrix, see
Cragg and Donald (1997) and Donkers and Schafgans (2003).

Proposition 2.3 does not exclude the case where the unknown matrix M is positive semidefinite.
Example 3.1 below shows that this may indeed occur. Our EIG rank test is formulated in Section 4,
in fact, only under this assumption.

Assumption (B). The unknown symmetric matrix M is positive semidefinite.

3 Examples

We discuss here two examples involving estimation the rank of an unknown symmetric matrix under
Assumptions (A) or (A∗).

Example 3.1 (Number of factors in a nonparametric relationship.) Consider a multivariate nonpara-
metric relationship

Yi = F (Xi) + εi, i = 1, . . . , N, (3.1)

between a n× 1 vector Yi of response variables and a d× 1 vector Xi of independent variables, where
F is a vector of unknown functions and εi are perturbation terms. Suppose that E(εi|Xi) = 0 and
E(εiε

′
i|Xi) = Σ with a nonsingular matrix Σ. Let x1 be a d1 × 1 (possibly empty) subvector of a

d × 1 vector x. Define rk{F} = rk{F ; x1} as the smallest integer r for which the function F (x) can
be expressed as

F (x) = Θ′x1 + A ·H(x), (3.2)

where Θ′ is a n× d1 matrix, A is a n× r matrix and H(x) is a r × 1 vector of functions of x. Many
econometric problems, for example, related to demand systems, nonparametric instrumental variables
and arbitrage pricing, can be formulated as inference of rk{F} for a suitable choice of x1 (Donald
(1997)).

Estimation of rk{F} is, in fact, equivalent to estimation of rank of a symmetric matrix under
Assumptions (A). For simplicity, we shall focus only on the kernel based tests which are one type of
tests considered by Donald (1997). Arguing as in the proof of Lemma 2.1 of Fortuna (2004), one can
show that

rk{F} = rk{Γw}, (3.3)

where Γw is a n× n matrix defined by

Γw = Ep(Xi)F̃ (Xi)F̃ (Xi)′ (3.4)

with a density function p(x) of Xi and F̃ (x) = F (x) − EF (Xi)X1
i
′
E(X1

i X1
i
′)−1x1. Observe that the

matrix Γw is symmetric and positive semidefinite. Following Donald (1997), it is natural to estimate
the matrix Γw by

Γ̂w =
1

N(N − 1)

∑

i6=j

(Yi − Π̂′1X
1
i )(Yj − Π̂′1X

1
j )′Kh(Xi −Xj), (3.5)
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where Π̂1 = (X1′X1)−1X1′Y and Kh(x) = h−dK(x/h) denotes a kernel K scaled by a bandwidth
h > 0. Observe that the estimator M̂ is symmetric as well but also indefinite. Following the proof of
Lemma 2 in Donald (1997), one can show that, under suitable assumptions on Xi, εi and F ,

V Nhd/2Σ−1/2(Γ̂w − Γw)Σ−1/2 d→ Zn, (3.6)

where V = (2‖K‖2
2Ep(Xi))−1/2 and ‖K‖2

2 =
∫

K(x)2dx, and that the covariance matrix Σ can be
estimated consistently.

Relations (3.3)–(3.6) show that estimation of rk{F} is equivalent to rank estimation of an unknown
symmetric matrix Γw under Assumptions (A). In fact, Theorem 2 in Donald (1997) is a special case
of the more general EIG rank test considered in Section 4 below.

When x1 is empty, estimation of rk{M} is also considered by Kneip (1994). An extension of
Donald (1997) to estimation of the so-called local rank in a nonparametric relationship can be found
in Fortuna (2004).

Estimation of the number of factors is considered above under Assumptions (A). More general
Assumptions (A∗) arise naturally with heteroskedastic errors in the following sense. Assume the model
(3.1) but suppose that E(εiε

′
i|Xi) = Σ(Xi) with nonsingular matrices Σ(x). Under this and additional

assumptions on Xi, εi, F and Σ, we expect that

Nhd/2vech(Γ̂w − Γw) d→ N (0, C), (3.7)

where
C = 2‖K‖2

2D
+
n E

(
(Σ(Xi)⊗ Σ(Xi))p(Xi)

)
DnD+

n =: 2‖K‖2
2D

+
n BDnD+

n D+
n
′
. (3.8)

These relations are derived based on computation of the limiting covariance matrix of Nhd/2vech(Γ̂w−
Γw). When Σ(x) ≡ Σ, observe that (3.7) becomes (3.6). In practice, we expect that the matrix B in
(3.8) can be consistently estimated through

B̂ =
1

N(N − 1)

∑

i6=j

(
(Yi − F̂ (Xi))(Yi − F̂ (Xi))′

)
⊗

(
(Yj − F̂ (Xj))(Yj − F̂ (Xj))′

)
Kh(Xi −Xj), (3.9)

where F̂ (x) is a standard kernel-based estimator of F (x). The idea behind (3.9) is that B̂ ≈ E(εiε
′
i ⊗

εjε
′
j)Kh(Xi −Xj) ≈ B, i 6= j.

Example 3.2 (Reduced rank regression with two sets of regressors.) Consider a multivariate regres-
sion model with two sets of regressors

Yk = AXk + BZk + εk, k = 1, . . . , N, (3.10)

where Yk is a n× 1 vector of response variables, Xk and Zk are two sets of p× 1 and q× 1 regressors,
and A and B are unknown n × p and n × q matrices. Suppose that E(εi) = 0 and E(εiε

′
i) = Σ with

a nonsingular matrix Σ. In some applications, B is restricted to be symmetric, and the goal is to
estimate its rank. An example can be found in the context of demand systems, where Yk is a vector of
budget shares of a household k, Xk is the vector of the logarithm of real total expenditures and other
relevant variables, and Zk is the vector of relative prices (Robin and Smith (2000), p. 161).

Imposing the symmetry restriction, the matrix B can be estimated by a symmetric matrix B̂
obtained through the usual least squares. Under standard assumptions on Xi, Zi and εi, one can show
that √

Nvech(B̂ −B) d→ N (0, C), (3.11)
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where C is nonsingular. The exact expressions for B̂ and C are quite lengthy. In a special case when
A is empty, for example, we have

vech(B̂) =
(
D′

n(ZZ ′ ⊗ In)Dn

)−1
D′

nvec(Y Z ′) (3.12)

and, under suitable assumptions on Zi, εi,

C =
(
D′

n(EZiZ
′
i ⊗ In)Dn

)−1(
D′

n(EZiZ
′
i ⊗ Σ)Dn

)(
D′

n(EZiZ
′
i ⊗ In)Dn

)−1
, (3.13)

where Z = (Z1 . . . ZN ) and Y = (Y1 . . . YN ). The asymptotic relation (3.11) shows that rk{B} can be
estimated under Assumptions (A∗) by one of the rank tests considered in this paper.

4 EIG rank test for semidefinite matrices

We shall provide here a rank test for a symmetric, positive semidefinite matrix M based on eigenvalues.
Suppose first that Assumptions (A) of Section 2 hold. Let

λ̂1 ≤ . . . ≤ λ̂n (4.1)

be the ordered eigenvalues of the matrix M̂F̂ ′F̂ . Observe that these eigenvalues are real because
M̂ is symmetric and F̂ ′F̂ is (asymptotically) positive definite. If rk{M} = rk{MF ′F} = q and,
without loss of generality, M is positive semidefinite, then the ordered eigenvalues of MF ′F are
0 = λ1 = . . . = λn−q < λn−q+1 ≤ . . . ≤ λn. Since M̂F̂ ′F̂ →p MF ′F , we have λ̂k →p λk, k = 1, . . . , n,
and hence λ̂k →p 0, k = 1, . . . , n − q. The following theorem provides the exact asymptotics of λ̂k,
k = 1, . . . , n− q. Let

γ1(Zk) ≤ . . . ≤ γk(Zk)

be the ordered eigenvalues of the matrix Zk defined before Assumptions (A).

Theorem 4.1 Suppose that Assumptions (A) and (B) hold. Let rk{M} = q, and λ̂k, k = 1, . . . , n,
be the ordered eigenvalues defined in (4.1). Then,

(√
Nλ̂k

)n−q

k=1

d→
(
γk(Zn−q)

)n−q

k=1
, (4.2)

√
Nλ̂k

p→ +∞, k = n− q + 1, . . . , n. (4.3)

Theorem 4.1 is proved in Appendix A. It is seen from the proof of the theorem that F̂ ′F̂ in M̂F̂ ′F̂
allows to obtain standardized limit laws for the eigenvalues.

Theorem 4.1 can be used to construct a test for the rank of the matrix M in the following way.
Consider the test statistic

ξ̂eig(r) =

√
N

n− r

n−r∑

k=1

λ̂k, r = 0, . . . , n. (4.4)

The following theorem, proved in Appendix A, shows that the test statistic (4.4) can be used to test
for H0 : rk{M} ≤ r in a standard way. The statistic (4.4) was used by Donald (1997) and Fortuna
(2004) to infer the number of factors in a nonparametric relationship (see Section 3). The stochastic
dominance ξ ≤d η below stands for P (ξ > x) ≤ P (η > x) for any x ∈ IR.
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Theorem 4.2 Suppose that Assumptions (A) and (B) hold, and let ξ̂eig(r) be the test statistic defined
by (4.4). Then, under H0 : rk{M} ≤ r, we have

ξ̂eig(r)
d→ 1√

n− r

n−r∑

k=1

γk(Zn−q)
d≤ N (0, 1), (4.5)

where q = rk{M} and ≤d becomes =d when r = q. Under H1 : rk{M} > r, we have ξ̂eig(r) →p +∞.

Remark 4.1 Assumption (B) can be dropped from Theorem 4.1. If the eigenvalues of M are

λ1 ≤ . . . ≤ λl−1 < 0 = λl = . . . = λl+n−q−1 < λl+n−q ≤ . . . ≤ λn (4.6)

with q = rk{M}, then one can show as in the proof of Theorem 4.1 that
√

Nλ̂k
p→ −∞, k = 1, . . . , l − 1, (4.7)

(√
Nλ̂k

)l+n−q−1

k=l

d→
(
γk(Zn−q)

)n−q

k=1
(4.8)

and √
Nλ̂k

p→ +∞, k = l + n− q, . . . , n. (4.9)

Without imposing Assumption (B), however, we believe there is no simple way to define a test statistic
similar to (4.4). In that case we suggest that one should use one of the other rank tests.

We were able to obtain standardized limit laws in Theorems 4.1 and 4.2 after properly normalizing
the eigenvalues of M̂ . It is not clear that such a normalization is available under more general
Assumptions (A∗). We can nevertheless establish the asymptotics of the eigenvalues of M̂ and then
use this to formulate the corresponding rank test.

Let
υ̂1 ≤ . . . ≤ υ̂n (4.10)

be the ordered eigenvalues of the matrix M̂ , and 0 = υ1 = . . . = υq < υq+1 ≤ . . . ≤ υn be the ordered
eigenvalues of the matrix M with q = rk{M}. Let U be an n × n orthogonal matrix in the Schur
decomposition of the matrix M :

diag(υn, . . . , υ1) = U ′MU =

(
U ′

1

U ′
2

)
M

(
U1 U2

)
, (4.11)

where U is partitioned into n× r matrix U1 and n× (n− r) matrix U2. Also let

γ1(U ′
2YU2) ≤ . . . ≤ γn−r(U ′

2YU2)

be the ordered eigenvalues of the matrix U ′
2YU2, where Y is the matrix defined in (2.12).

Theorem 4.3 Suppose that Assumptions (A∗) and (B) hold. Let rk{M} = q, U2 be defined by (4.11)
with r = q, and υ̂k, k = 1, . . . , n, be the ordered eigenvalues defined in (4.10). Then,

(√
Nυ̂k

)n−q

k=1

d→
(
γk(U ′

2YU2)
)n−q

k=1
, (4.12)

√
Nυ̂k

p→ +∞, k = n− q + 1, . . . , n. (4.13)
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Consider the test statistic

η̂eig(r) =
√

N
n−r∑

k=1

υ̂k, r = 0, . . . , n. (4.14)

By using Theorem 4.3 and the relation (2.13), we see that, under H0 : rk{M} = r,

η̂eig(r)
d→

n−r∑

k=1

γk(U ′
2YU2) = tr{U ′

2YU2} d= N (0, σ2
r ), (4.15)

where σ2
r = vec(U2U

′
2)
′DnCD′

nvec(U2U
′
2). Define the estimator of the variance σ2

r as

σ̂2
r = vec(Û2Û

′
2)
′DnĈD′

nvec(Û2Û
′
2), (4.16)

where Ĉ is defined by (2.11) and n × (n − r) matrix Û2 enters into the partition of an orthogonal
matrix Û = (Û1 Û2) such that Û ′M̂Û = diag(υ̂n, . . . , υ̂1). Setting

ξ̂eig(r) = σ̂−1
r η̂eig(r), (4.17)

we obtain the following result.

Theorem 4.4 Suppose that Assumptions (A∗) and (B) hold, and let ξ̂eig(r) be defined by (4.17).
Then, under H0 : rk{M} = r, we have

ξ̂eig(r)
d→ N (0, 1). (4.18)

Under H1 : rk{M} > r, we have ξ̂eig(r) →p +∞.

5 MINCHI2 rank test

Another way to test for rk{M} under Assumptions (A) is to consider the test statistic defined as the
sum of the squared eigenvalues. In this case, Assumption (B) may be dropped. Consider the ordered
eigenvalues γ̂2

1 ≤ . . . ≤ γ̂2
n of the matrix (M̂F̂ ′F̂ )2 = M̂F̂ ′F̂ M̂F̂ ′F̂ . (With the notation of Remark 4.1,

we have γ̂2
k = λ̂2

l for some indices k and l.) Let

ξ̂mcs(r) = N
n−r∑

k=1

γ̂2
k , r = 0, . . . , n. (5.1)

The next result, proved in Appendix A, follows easily from Theorem 4.1.

Theorem 5.1 Suppose that Assumptions (A) hold and denote rk{M} = q. Then, under H0 :
rk{M} ≤ r, we have

ξ̂mcs(r)
d→

n−r∑

k=1

(γk(Zn−q))2
d≤ χ2((n− r)(n− r + 1)/2), (5.2)

where ≤d becomes =d in the case r = q. Under H1 : rk{M} > r, we have ξ̂mcs(r) →p +∞.
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We use mcs in the subindex of the statistic (5.1) because the statistic ξ̂mcs can, in fact, be viewed
as the MINCHI2 statistic considered, in particular, by Cragg and Donald (1997), Robin and Smith
(2000).

Proposition 5.1 Suppose that Assumptions (A) hold and ξ̂mcs(r) is defined by (5.1). Then, for
r = 0, . . . , n,

ξ̂mcs(r) = N min
rk{M}≤r

vec(M̂ −M)′(F̂ ′F̂ ⊗ F̂ ′F̂ )vec(M̂ −M). (5.3)

Proposition 5.1 is proved in Appendix A. We expect (though do not have a proof) that the minimum
over rk{M} ≤ r in (5.3) can be replaced by the minimum over rk{M} ≤ r, M = M′. In this case,
the statistic (5.3) can be written as

ξ̂mcs(r) = N min
rk{M}≤r, M=M′

vech(M̂ −M)′Ĉ−1vech(M̂ −M), (5.4)

where Ĉ = (D′
n(F̂ ′F̂ ⊗ F̂ ′F̂ )Dn)−1 is a consistent estimator of the covariance matrix C appearing in

(2.9).
The expression (5.4) is that of the MINCHI2 statistic commonly used for symmetric matrices under

more general Assumptions (A∗). See, for example, Cragg and Donald (1997), p. 235. The asymptotics
of this statistic are given in the following result.

Theorem 5.2 Suppose that Assumptions (A∗) hold. Let ξ̂mcs(r) be defined by (5.4). Then, under
H0 : rk{M} = r, we have

ξ̂mcs(r)
d→ χ2((n− r)(n− r + 1)/2) (5.5)

and, under H1 : rk{M} > r, we have ξ̂mcs(r) →p +∞.

For completeness, we provide a standard proof of Theorem 5.2 in Appendix A.

Remark 5.1 Suppose that Assumptions (A∗) hold. Robin and Smith (1995), Section 3.6 (applied to
symmetric matrices), consider the MINCHI2 statistic defined as

ξ̂mcs(r) = N min
rk{M}≤r,M=M′

vec(M̂ −M)′Ŵ−vec(M̂ −M), (5.6)

where Ŵ = DnĈD′
n appears in (2.13) and (·)− denotes a generalized reflexive inverse of a matrix.

Robin and Smith, moreover, write Ĉ = (D′
nÛ−1Dn)−1 for some invertible matrix Û and suggest using

the inverse
Ŵ− = Û−1Dn(D′

nÛ−1Dn)−1D′
nÛ−1.

They show that the statistic (5.6) has the asymptotic properties described in Theorem 5.2. Given
Theorem 5.2, this is not surprising since vec(M̂−M) = Dnvech(M̂−M) and D′

nŴ−Dn = D′
nÛ−1Dn =

Ĉ−1 so that expression (5.6) is identical to (5.3).

Though the MINCHI2 statistic is appealing theoretically, it is notorious for problems associated
with numerical optimization. When C does not have a Kronecker product structure, numerical opti-
mization procedures to compute (5.4) sometimes do not converge to a global minimum.
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6 LDU rank test

The LDU rank test for H0 : rk{M} = r with an n × k unrestricted matrix M was introduced by
Gill and Lewbel (1992), and subsequently corrected by Cragg and Donald (1996). (Another name for
the LDU rank test is the Gaussian elimination rank test.) The test uses the Gaussian elimination
procedure with complete pivoting (Golub and Van Loan (1996)) to transform M and its estimator M̂
into

M(r) =

(
M11(r) M12(r)

0 M22(r)

)
= (ArPr) . . . (A1P1)MQ1 . . . Qr, (6.1)

and analogous expression with the hats for M̂ . Here, Pj , Qj are the permutation matrices correspond-
ing to complete pivoting, and Aj account for the Gaussian elimination steps. One has that rk{M} = r
if and only if M22(r) = 0. Hence, H0 : rk{M} = r is equivalent to H0 : M22(r) = 0.

Supposing for simplicity that Pj = In and Qj = In, Cragg and Donald (1996) showed that the test
statistic

ξ̂ldu(r) = Nvec
(
M̂22(r)

)′(
Π̂Ŵ Π̂′

)−1
vec

(
M̂22(r)

)
(6.2)

has a limiting χ2((n− r)(k − r)) distribution under H0 : rk{M} = r, and that ξ̂ldu(r) →p +∞ under
the alternative. The matrix Ŵ in (6.2) is a consistent estimator for the limiting covariance matrix W
of
√

N(M̂ −M). The matrix Π̂ is defined as

Π̂ =
(
− M̂21M̂

−1
11 In−r

)
⊗

(
− M̂ ′

12(M̂
′
11)

−1 Ik−r

)
, (6.3)

where M̂ = (M̂11 M̂12; M̂21 M̂22) is the partition of the matrix M̂ with an r × r submatrix M̂11. If Pj

and Qj are not identity matrices, the matrix M̂ can be permuted in advance so that complete pivoting
becomes unnecessary. This, however, requires properly adjusting Π̂Ŵ Π̂′ appearing in (6.2).

When M and M̂ are symmetric, Robin and Smith (1995) suggest to replace the inverse of the
matrix Π̂Ŵ Π̂′ in (2.13) by its generalized reflexive inverse. These authors state that thus obtained
statistic has a limiting χ2((n − r)(n − r + 1)/2) distribution under the null, and diverges under the
alternative. This approach is also used in Kapetanios and Camba-Mendez (1999), Ratsimalahelo
(2002) and Robin and Smith (2000).

One may expect that using the generalized inverse may be avoided if vec(M̂22(r)) in (2.13) is
replaced by vech(M̂22(r)). Observe, however, that vech(M̂22(r)) may not even be defined because
complete pivoting does not preserve symmetry and hence M̂22(r) may not be symmetric. The matrix
M̂22(r) may be kept symmetric by working with a pivoting method which preserves symmetry. This
avoids using generalized inverses and simplifies the proofs. One such method, attributed to William
Kahan (see pp. 646–647 in Bunch and Parlett (1971)), is the following. Let M = (mij) be an n × n
symmetric matrix.

Gaussian elimination with symmetric pivoting: Step 1: Search the entire matrix M for
max{m2

ii, |mjjmkk − m2
jk|, i, j, k}. If m2

ii is the maximum, set S = mii. If the maximum is
|mjjmkk − m2

jk|, then set S = (mjj mjk;mkj mkk). Step 2: Permute rows and columns to bring
the 1×1 or 2×2 pivot S into the upper-left corner of the matrix M . Observe that these permutations
preserve symmetry. Step 3: Use the Gaussian elimination to transform M into

(
m11(1) m12(1)

0 m22(1)

)
= (B1R1)MR′

1,
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where R1 and B1 correspond to the permutation and the Gaussian elimination steps, respectively.
Here, m11(1) = S and m22(1) is a symmetric matrix defined by m22(1) = U−TS−1T ′, where R1MR′

1 =
(S T ′; T U) is a partition of the permuted matrix. Step 4: Apply the previous steps to m22(1) and so
on to obtain the expression

(
m11(k) m12(k)

0 m22(k)

)
= (BkRk) . . . (B1R1)MR′

1 . . . R′
k, (6.4)

where m22(k) is symmetric.
Applying the Gaussian elimination with symmetric pivoting to the matrix M̂ , we obtain

(
m̂11(k) m̂12(k)

0 m̂22(k)

)
= (B̂kR̂k) . . . (B̂1R̂1)M̂R̂′

1 . . . R̂′
k. (6.5)

By permuting the matrix M̂ beforehand, we may suppose that symmetric permutations become no
longer necessary (that is, R̂k = In above).

To track dim(m22(k)), it is necessary to introduce the integers k(r) = min{k : dim(m22(k)) ≤ n−r}
and l(r) = dim(m11(k(r))). Note that l(r) = r or r + 1. Observe also that, if rk{M} < n, then the
Gaussian elimination procedure with symmetric pivoting can be applied till m22(k0) = 0 for some k0.
In fact, k0 = k(rk{M}), dim(m22(k0)) = n − rk{M} and l(rk{M}) = rk{M}. Let also k̂(r) and l̂(r)
be defined similarly by using M̂ .

Consider the symmetric analogue of the LDU statistic

ξ̂sldu(r) = Nvech
(
m̂22(k̂(r))

)′(
Π̂sĈΠ̂′s

)−1
vech

(
m̂22(k̂(r))

)
, (6.6)

where
Π̂s = D+

n−l̂(r)
(Φ̂⊗ Φ̂)Dn with Φ̂ =

(
− M̂21M̂

−1
11 I

n−l̂(r)

)
(6.7)

and M̂ = (M̂11 M̂12; M̂21 M̂22) is a partition with l̂(r)× l̂(r) submatrix M̂11.

Theorem 6.1 Suppose that Assumptions (A∗) hold. Let ξ̂sldu(r) be defined by (6.6). Then, under
H0 : rk{M} = r, ξ̂sldu(r) →d χ2((n− r)(n− r + 1)/2) and, under H1 : rk{M} > r, ξ̂sldu(r) →p +∞.

This theorem is proved in Appendix A. We show in the proof of Theorem 6.1 that ξ̂sldu(r) −
ξ̂mcs(r) →p 0, where

ξ̂mcs(r) = N min
rk{M}=r

vec(M̂ −M)′D+
n
′
Ĉ−1D+

n vec(M̂ −M). (6.8)

When the minimum is over rk(M) ≤ r,M = M′ in (6.8), we can write vec(M̂−M) = Dnvech(M̂−M).
Since D+

n Dn = In(n+1)/2, the statistic (6.8) becomes that in (5.4). Since M̂ is symmetric, we expect
(though do not have a proof) that the two statistics are, in fact, the same.

Note that, since Gaussian elimination with symmetric pivoting may involve 2× 2 pivots, we may
have ξ̂sldu(r) = ξ̂sldu(r + 1) for some r. Note also that (6.6) is not properly defined in the following
situation. If l̂(n−2) = n−2, the remaining symmetric matrix m̂22(k̂(n−2)) is 2×2. If m̂22(k̂(n−2)) is
the chosen 2× 2 pivot in the next Gaussian elimination step, the elimination method cannot continue
and hence ξ̂sldu(n− 1) is not well defined by (6.6). In this case, we set ξ̂sldu(n− 1) = ξ̂sldu(n− 2).
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Remark 6.1 The applied mathematics literature offers a number of other Gaussian elimination like
methods for symmetric matrices which preserve symmetry after each elimination step. The best
known method is perhaps the diagonal pivoting method and its various modifications (see Bunch
(1971), Bunch and Parlett (1971), Bunch and Kaufman (1977), and others). We did not use the
diagonal method above because it only applies to symmetric nonsingular matrices. In other words,
even though the method would apply to M̂ where typically rk{M̂} = n, it would not apply to M
supposing rk{M} < n. Hence, we would not be able to establish the asymptotic results analogous to
those in Theorem 6.1.

7 SVD rank test

Kleibergen and Paap (2003) have recently proposed an ingenious rank test based on Singular Value
Decomposition (SVD) of a matrix. We shall adapt here their test to symmetric matrices under
Assumptions (A∗). The SVD of a symmetric n× n matrix M is given by

M = USV ′, (7.1)

where matrices U (n× n) and V (n× n) are orthogonal, and a diagonal matrix S (n× n) consists of
decreasing singular values of M on its diagonal. For symmetric matrices, the singular values are just
the absolute values of their eigenvalues.

For r = 0, . . . , n, partition (7.1) as

M =

(
U11 U12

U21 U22

) (
S1 0
0 S2

) (
V ′

11 V ′
21

V ′
12 V ′

22

)
, (7.2)

where matrices U11, S1 and V11 are r × r and the dimensions of other submatrices can be deduced.
Following Kleibergen and Paap (2003), define the matrices

Ar =

(
U11

U21

)
S1V

′
11, Br = (Ir (V ′

11)
−1V ′

21), (7.3)

Ar,⊥ =

(
U12

U22

)
U−1

22 (U22U
′
22)

1/2, Br,⊥ = (V22V
′
22)

1/2V ′−1
22 (V ′

12 V ′
22) (7.4)

and
Λr = (U22U

′
22)

−1/2U22S2V
′
22(V22V

′
22)

−1/2. (7.5)

Then,
M = ArBr + Ar,⊥ΛrBr,⊥, (7.6)

and A′rAr,⊥ = 0, Br,⊥B′
r = 0, A′r,⊥Ar,⊥ = In−r, Br,⊥B′

r,⊥ = In−r. The null hypothesis H0 : rk{M} = r

is equivalent to H0 : Λr = 0. The above also applies to the matrix M̂ in which case the corresponding
matrices in (7.1)-(7.6) will be denoted with the hats.

Observe that Λ̂r is defined as orthogonal transformation of the singular values Ŝ2 of the matrix M̂
which are absolute values of its eigenvalues. We have established the asymptotics of the eigenvalues
in Remark 4.1. In contrast to that result, the orthogonal transformation of the eigenvalues is, in fact,
asymptotically Gaussian. This result is analogous to Theorem 1 in Kleibergen and Paap (2003). It
also shows that Λ̂r is symmetric, and that Âr,⊥ and B̂′

r,⊥ are easily related.
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Proposition 7.1 With the above notation, Λ̂r,Λr are symmetric and Ar,⊥ = B′
r,⊥, Âr,⊥ = B̂′

r,⊥.
Moreover, under H0 : rk{M} = r and Assumptions (A∗),

√
Nvech(Λ̂r)

d→ N (0, Ωr), (7.7)

where
Ωr = D+

n−r(Br,⊥ ⊗A′r,⊥)DnCD′
n(B′

r,⊥ ⊗Ar,⊥)D+
n−r

′
. (7.8)

Let Ω̂r be defined through (7.8) with Âr,⊥ and Ĉ. Based on Proposition 7.1, consider the test
statistic

ξ̂svd(r) = Nvech(Λ̂r)′Ω̂−1
r vech(Λ̂r). (7.9)

The following result is a direct consequence of Proposition 7.1.

Theorem 7.1 Suppose that Assumptions (A∗) hold and that the matrix Ωr is nonsingular. Then,
under H0 : rk{M} = r,

ξ̂svd(r)
d→ χ2((n− r)(n− r + 1)/2) (7.10)

and under H1 : rk{M} > r, ξ̂svd(r) →p +∞.

As in Kleibergen and Paap (2003), under stronger Assumptions (A), one can relate the SVD and
MINCHI2 rank tests. The SVD statistic ξ̂svd for the scaled matrix

M̂∗ = F̂ M̂F̂ ′

and the corresponding covariance matrix

Ĉ∗ = D+
n (F̂ ⊗ F̂ )DnĈD′

n(F̂ ′ ⊗ F̂ ′)D+
n
′

satisfies
ξ̂svd(r) = ξ̂mcs(r), r = 0, . . . , n, (7.11)

where ξ̂mcs(r) is the MINCHI2 statistic defined by (5.1).

8 Simulation study

We examine here the small sample properties of the considered rank tests through a small simulation
study. The set up is that of Example 3.2. We generate Yi = BZi + εi, i = 1, . . . , N , where B is a
fixed, symmetric, positive semidefinte, 6×6 matrix with rk{B} = 3. (The eigenvalues of B are 0, 0, 0,
3.51, 4.79 and 24.69.) The variables Zi are i.i.d. U [0, 1]. The error terms εi = Hui with i.i.d. U [−1, 1]
variables ui and a fixed, nonsingular matrix H. The sample size N = 200, 500 or 1000.

For each sample size, we generate 2000 replications of (Yi, Zi). For each replication, we estimate
B through least squares (3.12), and the related covariance matrix C based on (3.13). Having B̂ and
Ĉ, we test for H0 : rk{B} = r, r = 0, 1, . . . , 5, under Assumptions (A∗) by using either the EIG, LDU
or SVD rank test, with the corresponding statistic ξ̂(r). (The MINCHI2 test is not considered for
practical problems associated with optimization.)

In Figure 1–3 at the end of the paper, for different sample sizes N and rank values r, we present
the PP-plots of a probability p ∈ (0, 1) on the vertical axis against αr(p) = P (ξ̂(r) > cr(p)) on the
horizontal axis, estimated from 2000 replications of the corresponding statistic ξ̂(r). Here, cr(p) is the
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nominal critical value for the limiting distribution ξ(r) associated with the statistic ξ̂(r), that is, cr(p)
is such that P (ξ(r) > cr(p)) = 1 − p. If ξ̂(r) has the limiting distribution ξ(r), then αr(p) ≡ p. If
ξ̂(r) is skewed to the right of the limiting distribution ξ(r), then αr(p) > p. Analogous PP-plots were
considered by Robin and Smith (2000).

The PP-plots for r = 3 (true rank of B) in Figures 1–3 suggest that the EIG test is undersized,
and that the LDU and SVD tests are oversized. This becomes less pronounced as the sample size
increases. In other words, for smaller sample sizes, the EIG test is likely to accept too low a rank
while the LDU and SVD tests are likely to accept too high a rank. An idea of the power properties
of tests can be seen from the PP-plots for r = 0, 1, 2. The LDU and SVD tests appear to have better
powers than the EIG test. Observe, however, that these powers are not size-adjusted. In view of the
discussion on sizes, adjusting would improve the power of the EIG test and lower those of the LDU
and SVD tests. The PP-plots for r = 4, 5 illustrate nonstandard distributions of the corresponding
statistics ξ̂(r) when r > rk{B}.

Observe also that the PP-plots for r = 3 and the SVD test are surprisingly close to the asymptotic
45o line even for small samples. Deviations from the straight line occur, however, at the key right
tail of the distribution. Observe also from the PP-plots for r = 3 that, as the sample size increases,
all the statistics appear to converge to the limiting distribution, with the SVD statistic converging
faster. (The PP-plots for r = 3 and the EIG, LDU tests become a straight line when N =10,000.)
This convergence confirms the theoretical limit results for the test statistic established in the paper.
(Note also that the analogous plots in Figures 2, 4 and 6 of Robin and Smith (2000) do not appear to
confirm the limiting results for tests involving LUCP, that is, complete but nonsymmetric pivoting.)

Finally, let us note that we implemented the considered rank tests in Matlab. The written codes
are available from the authors upon request. Though irrelevant for small sample sizes and small
simulation studies, we also note that the EIG test is faster than the SVD test which is faster than the
LDU test.

9 Application

We apply here the considered tests to estimate the rank of a demand system. The set up is that of
Example 3.1. The demand system is assumed to have a stochastic form Yi = F (Xi)+ εi, i = 1, . . . , N ,
where Yi and Xi are the vector of the shares of goods and the income corresponding to the ith consumer,
respectively, and εi is the noise term with either nonsingular Eεiε

′
i = Σ (homoscedastic assumptions)

or E(εiε
′
i|Xi) = Σ(Xi) (heteroskedastic assumptions). Because all budget shares add up to 1 and the

assumed covariance matrix of perturbation terms is nonsingular, one budget share is, in fact, eliminated
from the vector Yi. We are interested in estimating rk{F} with x1 ≡ 1 (Example 3.1 and Donald
(1997)). This can be done by estimating the rank of the corresponding symmetric, positive semidefinite
matrix Γw as in Example 3.1, under either (3.6) (Assumptions (A); homoscedasticity assumptions)
or (3.7) (Assumptions (A∗); heteroskedasticity assumptions). The rank of the full (original) demand
system is deduced by adding 1 to the estimated rank of Γw (Donald (1997)).

The data set of a demand system used contains information on expenditures by N = 897 consumers
across the U.S. taken from the U.S. CEX survey of the first quarter of 2000.1 Households considered
have the following homogeneous characteristics: married couples, renters or homeowners with or with-
out mortgage, age of the head between 25 and 60, and total income eXi larger than or equal to $3,000

1U.S. Dep. of Labor, Bureau of Labor Statistics. Consumer Expenditure Survey, 1999: Interview Survey and Detailed
Expenditure Files [Computer file]. Washington, DC: U.S. Dept. of Labor, Bureau of Labor Statistics [producer], 2001.
Ann Arbor, MI: Inter-University Consortium for Political and Social Research [distributor], 2001.
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but smaller than or equal to $75,000. The vector Yi contains budget shares of 5 categories of goods
(food, health care, transportation, household and apparel (clothing); the share of miscellaneous goods
was dropped). This data set (with additional price information) was also used in Fortuna (2004).

Tables 1 and 2 at the back of the paper, present rank estimation results for the full demand system.
For kernel smoothing, we use the Epanechnikov kernel K of order 2. The smoothing parameter h takes
one of the values 0.1, 0.3, 0.45 and 0.55. These choices were suggested in part by the fact that h = 0.45
is the optimal smoothing parameter obtained by the generalization cross validation procedure for the
data set consisting of all expenditure shares. The entries in Tables 1 and 2 are the p-values for the
rank tests applied to the constructed data set. The results suggest that the rank of the full demand
system is 3 under homoscedastic and heteroskedastic assumptions for each of the rank tests considered.
Rank 3 has also been found for other demand systems in Lewbel (1991), Donald (1997). Observe that
the p-values for the MINCHI2 and SVD tests are the same in Table 1, confirming the equality of the
corresponding statistics in (7.11). The p-values for the MINCHI2 test are not reported in Table 2
because of convergence problems in optimization. In both tables and for larger h = 0.3, 0.45, 0.55, the
p-values for the EIG test are bigger than those for the LDU and SVD tests. This confirms the results
obtained in the previous section that the EIG test is likely to accept lower rank than the other tests.

A Technical proofs

Proof of Proposition 2.2: If (2.14) holds, then
√

NF (M̂ − M)G′ →d Zn and hence
√

N(M̂ −
M) →d F−1Zn(G′)−1. Since M̂ − M is symmetric, the matrix F−1Zn(G′)−1 is symmetric, that
is, F−1Zn(G′)−1 = G−1Zn(F−1)′. Then, ZnA′ = AZn with A = FG−1 or (A ⊗ In)vec(Zn) =
(In ⊗ A)vec(Zn) or (A⊗ In)Dnvech(Zn) = (In ⊗ A)Dnvech(Zn), where Dn is defined by (2.4). Since
vech(Zn) consists of independent normal random variables, we have

((A⊗ In)− (In ⊗A))Dn = 0. (A.1)

It is enough to show that (A.1) implies A = const In (then FG−1 = const In and hence F = constG).
Observe that

(A⊗ In)− (In ⊗A) =

(
a11In −A a12In . . . a1nIn

A∗

)
(A.2)

and also that, for n ≥ 3,

Dn =




In 0n

X2 Y2
...

... D∗
n

Xn Yn




(A.3)

where the n× n matrix Xk is such that its first row is (0 . . . 1 . . . 0) with 1 at the kth position and
the other entries are zero,

Y2 =

(
01×(n−1) 0

In−1 0(n−1)×1

)
, Y3 =




0 0 . . . 0
0 1 . . . 0
0 0 . . . 1

0(n−3)×n




and Yk, k ≥ 4, is such that its second row is (0 . . . 1 . . . 0) with 1 at at the (k − 1)th position and
the other entries are zero. Relations (A.1), (A.2) and (A.3) then imply that, when n ≥ 3,

(a11In −A) + a12X2 + . . . + a1nXn = 0,
a12Y2 + a13Y3 + . . . + a1nYn = 0.
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By using the expressions for Xk’s and Yk’s, one can see that these equations imply a11 = a22 = . . . =
ann and aij = 0, i 6= j, that is, A = const In. The cases n = 1, 2 can be dealt with directly. 2

Proof of Proposition 2.3: Consider the case of positive semidefiniteness. We shall argue by
contradiction. Suppose first that M is a diagonal matrix M = diag(m11, . . . , mnn). Since rk{M} <
n, we may suppose without loss of generality that mnn = 0. Since M̂ = (m̂ij) is asymptotically
normal and mnn = 0, we obtain that

√
Nm̂nn →d N (0, σ2

n). On the other hand, since M̂ is positive
semidefinite, m̂nn = u′M̂u ≥ 0, with u′ = (0 . . . 0 1). This implies that σ2

n = 0, and hence that the
covariance matrix C is singular (the row of C corresponding to

√
Nm̂nn consists of zeros).

Consider now the case when M is any symmetric matrix. There is an orthogonal transformation
U such that UMU ′ = M∗ = diag(m∗

11, . . . , m
∗
nn) is diagonal. Let M̂∗ = UM̂U ′ and observe that M̂∗

is also positive semidefinite. Moreover, we have that

√
N(vech(M̂∗)− vech(M∗)) d→ N (0, D+

n (U ′ ⊗ U ′)DnCD′
n(U ⊗ U)D+

n
′). (A.4)

The matrix D+
n (U ′⊗U ′)Dn is positive definite by Theorem 13, (c), in Magnus and Neudecker (1999),

pp. 49-50. Hence, the covariance matrix in (A.4) is also positive definite and the contradiction follows
as in the simple case considered above. 2

Proof of Theorem 4.1: We adapt here the proof of Theorem 3.1 in Robin and Smith (2000).
Let ci, i = 1, . . . , n, be the eigenvectors of the matrix F ′FM corresponding to the eigenvalue λi,
that is, F ′FMci = λici. Denote C = (c1 . . . cn) = (Cn−r Cr) with Cn−r = (c1 . . . cn−r) and
Cr = (cn−r+1 . . . cn). (This C is used only in this proof and should not be confused with the
covariance-like matrix C appearing in (2.10).) We may normalize C as C ′(F ′F )−1C = In. Let also
Λr = diag(λn−r+1, . . . , λn) and C ′−1 = (Cn−r Cr). Observe that C ′

rC
r = Ir and C ′

n−rC
r = 0.

As in Lemma A.1 of Robin and Smith (2000), one can show that

M = CrΛrC
r ′. (A.5)

By using (A.5), (2.1) and since the eigenvectors in Cn−r correspond to the eigenvalue 0, we have

C ′
rM̂ = ΛrC

r ′ + Op(N−1/2), N1/2C ′
n−rM̂ = C ′

n−rN
1/2(M̂ −M). (A.6)

Observe now by (2.2) that

0 = det(M̂ − λ̂i(F̂ ′F̂ )−1) = det(M̂ − λ̂i(F ′F )−1) + op(1). (A.7)

By using (A.6), since λ̂i →p 0 for i = 1, . . . , n− r, and C ′
n−r(F

′F )−1Cn−r = In−r, C ′
r(F

′F )−1Cr = Ir,
C ′

n−r(F
′F )−1Cr = 0, we obtain for i = 1, . . . , n− r,

det(M̂ − λ̂i(F ′F )−1) = det

((
N1/4C ′

n−r

C ′
r

)
(M̂ − λ̂i(F ′F )−1)(N1/4Cn−r Cr)

)

= det

((
N1/2C ′

n−r(M̂ −M)Cn−r Op(N−1/4)
Op(N−1/4) Λr + Op(N−1/2)

)
− λ̂i

(
N1/2In−r 0

0 Ir

))

= det

((
N1/2C ′

n−r(M̂ −M)Cn−r 0
0 Λr

)
−N1/2λ̂i

(
In−r 0

0 0

))
+ op(1)
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= det(Λr)det(N1/2C ′
n−r(M̂ −M)Cn−r −N1/2λ̂iIn−r) + op(1). (A.8)

Hence, by (A.7) and (A.8), for i = 1, . . . , n− r,

op(1) = det(N1/2C ′
n−r(M̂ −M)Cn−r −N1/2λ̂iIn−r). (A.9)

This shows that N1/2λ̂i, i = 1, . . . , n−r, are asymptotically the eigenvalues of N1/2C ′
n−r(M̂−M)Cn−r.

Observe finally that

N1/2C ′
n−r(M̂ −M)Cn−r

d→ C ′
n−rF

−1ZnF−1Cn−r
d= Zn.

The last equality follows since vec(C ′
n−rF

−1ZnF−1Cn−r) = (C ′
n−rF

−1 ⊗C ′
n−rF

−1)vec(Zn) =: W and

EWW ′ = (C ′
n−rF

−1 ⊗ C ′
n−rF

−1)
1
2
(In2 + Kn)(F−1Cn−r ⊗ F−1Cn−r)

= (C ′
n−rF

−1 ⊗ C ′
n−rF

−1)(F−1Cn−r ⊗ F−1Cn−r)
1
2
(In2 + Kn) =

1
2
(In2 + Kn) = Evec(Zn)vec(Z ′n).

The convergence (4.3) follows since λ̂k → λk > 0, k = n− r + 1, . . . , n. 2

Proof of Theorem 4.2: To show (4.5), it is enough to prove the stochastic dominance. This can be
done as in the proof of Theorems 1 and 2 in Donald (1997). By the Poincaré separation theorem, we
have γj(Zn−q) ≤ γj(B′Zn−qB) for j = 1, . . . , n− r, where B is any (n− q)× (n− r) matrix such that
B′B = In−r. Now take B = (0(n−r)×(r−q) In−r)′ so that B′B = In−r. Observe that B′Zn−rB =d Zn−r

and hence

1√
n− r

n−r∑

k=1

γk(Zn−q)
d≤ 1√

n− r

n−r∑

k=1

γk(Zn−r) =
1√

n− r
tr{Zn−r} d= N (0, 1).

The convergence under H1 follows from (4.3) in Theorem 4.1. 2

Proof of Theorem 4.3: Arguing as in the proof of Theorem 4.1 above, we may prove that
√

Nυ̂k,
k = 1, . . . , n − q, are asymptotically the ordered eigenvalues of U ′

2

√
N(M̂ − M)U2. This shows the

convergence (4.12). The proof of (4.13) is straightforward. 2

Proof of Theorem 5.1: The convergence in (5.2) follows from Remark 4.1. To prove the stochastic
dominance in (5.2), observe first that

n−r∑

k=1

(γk(Zn−q))2 =
n−r∑

k=1

γk(Z2
n−q), (A.10)

where γk(Z2
n−q), k = 1, . . . , n − q, denote the eigenvalues of Z2

n−q in the increasing order. Letting
B = (0(n−r)×(r−q) In−r)′, we can conclude as in the proof of Theorem 4.2 above that

n−r∑

k=1

γk(Z2
n−q)

d≤
n−r∑

k=1

γk(B′Zn−qZn−qB) =
n−r∑

k=1

γk(Zn−qBB′Zn−q)
d≤

n−r∑

k=1

γk((B′Zn−qB)(B′Zn−qB)).

(A.11)
Since B′Zn−qB =d Zn−r, it follows from (A.10) and (A.11) that

n−r∑

k=1

(γk(Zn−q))2
d≤

n−r∑

k=1

γk(Z2
n−r) = tr{Z2

n−r} = vec(Zn−r)′vec(Zn−r)
d= χ2((n− r)(n− r + 1)/2)
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(to see the last equality use the fact 2(N (0, 1/2))2 =d N (0, 1)2). 2

Proof of Proposition 5.1: The proof uses some ideas of the proof of Theorem 3 in Cragg and
Donald (1993). The restriction rk{M} ≤ r can be written as ΞM = 0(n−r)×n or

(In ⊗ Ξ)vec(M) = 0((n−r)n)×1 (A.12)

where Ξ is a (n − r) × n matrix with its n − r rows linearly independent. Moreover, after a proper
normalization, we can assume that Ξ satisfies

Ξ(F̂ ′F̂ )−1Ξ′ = In−r. (A.13)

When Ξ is fixed, after a simple manipulation with Lagrange multipliers, the minimum value of the
function vec(M̂ −M)′(F̂ ′F̂ ⊗ F̂ ′F̂ )vec(M̂ −M) under the linear constraints (A.12) on M, can be
expressed as

F = ((In ⊗ Ξ)vec(M̂))′((In ⊗ Ξ)(F̂ ′F̂ ⊗ F̂ ′F̂ )−1(In ⊗ Ξ)′)−1((In ⊗ Ξ)vec(M̂)).

By using the condition (A.13), we can simplify F as F = vec(ΞM̂)′((F̂ ′F̂ ) ⊗ In−r)vec(ΞM̂). By
using the formula tr{ABCD} = (vec(D′))′(C ′ ⊗ A)vec(B) (see Theorem 3 on p. 31 in Magnus and
Neudecker (1999)), we can further rewrite F as F = tr{ΞM̂F̂ ′F̂ M̂Ξ′}. The MINCHI2 statistic can
then be obtained by minimizing NF under the constraint (A.13) on Ξ, that is,

ξ̂mcs(r) = N min
Ξ(F̂ ′F̂ )−1Ξ′=In−r

tr{ΞM̂F̂ ′F̂ M̂Ξ′} = N min
X′X=In−r

tr{X ′F̂ M̂F̂ ′F̂ M̂F̂ ′X},

where, in the last step, we made the change of variables X ′ = ΞF̂−1. Finally, by using the formula

min
X′X=Ik

tr{X ′AX} =
k∑

i=1

λi,

where λ1 ≤ . . . ≤ λn are the eigenvalues of an n× n matrix A (see Theorem 13 on p. 211 in Magnus
and Neudecker (1999)), we conclude that

ξ̂mcs(r) = N
n−r∑

k=1

γ̂2
k ,

where 0 ≤ γ̂2
1 ≤ · · · ≤ γ̂2

n are the eigenvalues of the matrix F̂ M̂F̂ ′F̂ M̂F̂ ′. One can see that γ̂2
k ,

k = 1, . . . , n, are also the eigenvalues of the matrix M̂F̂ ′F̂ M̂F̂ ′F̂ , which yields the result. 2

Proof of Theorem 5.2: Suppose first that H0 holds. Restriction rk{M} ≤ r can be expressed as

M = (M1 M1Ξ1), (A.14)

where M1 and Ξ1 are n× r and r× (n− r) matrices, respectively. Since the matrix M is symmetric,
there are (n− r)r + r(r + 1)/2 =: s free parameters µ for M in (A.14) (these are the free parameters
of M1 since Ξ1 = Ξ1(M1) in the case of symmetric matrices) and hence

ξ̂mcs(r) = N min
µ

vech(M̂ −M(µ))′Ĉ−1vech(M̂ −M(µ)), (A.15)
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where M(µ) = (M1(µ) M1(µ)Ξ1(µ)). Let now B(µ) be an n(n + 1)/2× s matrix defined by B(µ) =
∂vec(M(µ))/∂µ. Since rk{M} = r, we have M = M(µ0) for some µ0 and, moreover, the corresponding
submatrix M1 has full column rank. We obtain that the matrix B(µ0) is of full column rank, that is,
rk{B(µ0)} = s.

Let µ̂ be µ minimizing the expression on the right-hand side of (A.15), that is,

ξ̂mcs(r) = Nvech(M̂ −M(µ̂))′Ĉ−1vech(M̂ −M(µ̂)). (A.16)

We have µ̂ →p µ0. Observe now that, by using the Taylor expansion and µ̂ →p µ0, we have

vech(M̂ −M(µ̂)) = vech(M̂ −M(µ0))−B(µ0)(µ̂− µ0) + op(1). (A.17)

The first order conditions for minimizing (A.15), together with (A.17), imply that

0 = B(µ̂)′Ĉ−1vech(M̂ −M(µ̂)) = B(µ0)′Ĉ−1vech(M̂ −M(µ0))−B(µ0)′Ĉ−1B(µ0)(µ̂− µ0) + op(1)

and hence that

µ̂− µ0 = (B(µ0)′Ĉ−1B(µ0))−1B(µ0)′Ĉ−1vech(M̂ −M(µ0)) + op(1). (A.18)

By substituting (A.18) into (A.17) and then (A.17) into (A.16), we get that

ξ̂mcs(r) = Nvech(M̂ −M(µ0))′(Ĉ−1/2)′
(
In(n+1)/2 − Ĉ−1/2B(µ0)(B(µ0)′Ĉ−1 B(µ0))−1·
· B(µ0)′Ĉ−1/2

)
Ĉ−1/2vech(M̂ −M(µ0)) + op(1)

= (
√

NC−1/2vech(M̂ −M))′(In(n+1)/2 −A0(A′0A0)−1A′0)(
√

NC−1/2vech(M̂ −M)) + op(1),

where A0 = C−1/2B(µ0). By (2.10) and since the matrix B(µ0) or the matrix A0 has full column
rank, we obtain that

ξ̂mcs(r)
d−→ χ2(n(n + 1)/2− rk{B(µ0)}) = χ2((n− r)(n− r + 1)/2).

The proof under H1 follows since

ξ̂mcs(r)N−1 p−→ min
rk{M}≤r,M=M′

vech(M −M)′C−1vech(M −M) > 0

for r < rk(M) and N →∞. 2

Proof of Theorem 6.1: We only consider the more difficult case of H0 : rk{M} = r. Suppose first
that the permutations Rk in (6.4) are identity and that they are defined uniquely (that is, there are
no ties). Then, for large N , R̂k = In, k̂(r) = k(r) and l̂(r) = l(r) = r. As in Cragg and Donald (1996),
p. 1308, we have

m̂22(k̂(r)) = M̂22 − M̂21M̂
−1
11 M̂12 = Φ(M̂ −M)Φ′+)p(N−1), (A.19)

where Φ = (−M21M
−1
11 In−r) and M = (M11M12; M21M22) is a partition with r × r submatrix M11.

Relation (A.19) implies that

vech
(
m̂22(k̂(r))

)
= Πsvech(M̂ −M) + Op(N−1), (A.20)
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where Πs = D+
n−r(Φ⊗ Φ)Dn. By using Assumptions (A∗), we obtain that

√
Nvech

(
m̂22(k̂(r))

)
d→ N (0, ΠsCΠ′s)

and hence ξ̂sldu(r) →d χ2((n− r)(n− r + 1)/2). When the permutations Rk in (6.4) are not identity
but still defined uniquely, we have R̂k = Rk for large N and the matrices M̂ and M are permuted in
advance so that permutations become no longer necessary.

The case of ties can be dealt with as in Cragg and Donald (1996). Let ξ̂a
sldu(r) be defined by using

one set of possible permutations R̂a
k indexed by a and satisfying R̂a

k = Ra
k for large N . Taking into

account the permutations R̂a
k beforehand, ξ̂a

sldu(r) is thus defined in terms of the matrix M̂a = P̂aM̂P̂ ′
a

where P̂a is a permutation matrix, and the matrix Ĉa which is a consistent estimator for the limit
covariance matrix Ca appearing in

√
Nvech(M̂a −Ma) →d N (0, Ca). Let also

ξ̂mcs(r) = N min
rk{M}=r

vec(M̂ −M)′D+
n
′
Ĉ−1D+

n vec(M̂ −M). (A.21)

To show that ties make no difference asymptotically to ξ̂sldu, it is enough to prove that ξ̂a
sldu−ξ̂mcs →p 0.

One can verify that, for any a,

ξ̂mcs(r) = N min
rk{M}=r

vec(M̂a −M)′D+
n
′
Ĉ−1

a D+
n vec(M̂a −M). (A.22)

Since M̂a is defined by permuting the matrix M̂ for the Gaussian elimination, the restriction in the
minimum of (A.22) can be replaced by M = (M11M12;M21M22) such that M22 = M21M−1

11 M12

and M11 is r × r. As in Cragg and Donald (1996), p. 1309, we have

ξ̂mcs(r) = Nvec(M̂a −Ma)′
(
D+

n
′
Ĉ−1

a D+
n −D+

n
′
C−1

a D+
n B(B′D+

n
′
C−1

a D+
n B)−1B′D+

n
′
C−1

a D+
n

)
·

· vec(M̂a −Ma) + op(1) = N(C−1/2
a vech(M̂a −Ma))′ ·

·
(
In(n+1)/2 − C−1/2

a D+
n B(B′D+

n
′
Ĉ−1

a D+
n B)−1B′D+

n
′
Ĉ−1/2

a

)
(C−1/2

a vech(M̂a −Ma)) + op(1),

where B = ∂vec(M)/∂vec(φ)′ and φ′ = (vec(M11)′, vec(M21)′, vec(M12)′) are the free parameters.
Similarly,

ξ̂a
sldu(r) = N(C−1/2

a vech(M̂a −Ma))′
(
C1/2

a Πa
s
′(Πa

sCaΠa
s
′)−1Πa

sC
1/2
a

)
(C−1/2

a vec(M̂a −Ma)) + op(1),

where Πa
s = D+

n−r(Φa ⊗ Φa)Dn with Φa = (−Ma,21M
−1
a,11 In−r). It is now enough to show that

In(n+1)/2 − C−1/2
a D+

n B(B′D+
n
′
C−1

a D+
n B)−1B′D+

n
′
C−1/2

a = C1/2
a Πa

s
′(Πa

sCaΠa
s
′)−1Πa

sC
1/2
a .

This can be proved as in Cragg and Donald (1996), p. 1309, as long as Πa
sD

+
n B = 0. The latter follows

from the identity

Πa
sD

+
n B = D+

n−r(Φa ⊗ Φa)DnD+
n B = D+

n−r(Φa ⊗ Φa)B = 0,

where we used (Φa⊗Φa)DnD+
n = Dn−rD

+
n−r(Φa⊗Φa) (see Theorem 12,(b), p. 49, and Theorem 9,(a),

p. 47, in Magnus and Neudecker (1999)), and the fact that (Φa ⊗ Φa)B = 0 as proved in Cragg and
Donald (1996), p. 1309. 2
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Proof of Proposition 7.1: We can rewrite (7.1) as

M = UΥU ′

with a diagonal matrix Υ such that abs(Υ) = S. Then, V = UQ with Q = sign(Υ). Partition Q as in
(7.2) into Q = (Q1 0; 0 Q2) so that V12 = U12Q2, V22 = U22Q2. Partition also Υ into Υ = (Υ1 0; 0 Υ2)
so that Υ2 = S2Q = S2Q

′
2. Then,

B′
r,⊥ =

(
V12

V22

)
V −1

22 (V22V
′
22)

1/2 =

(
U12

U22

)
Q2Q

−1
2 U−1

22 (U22Q2Q
′
2U

′
22)

1/2 = Ar,⊥,

since Q−1
2 = Q′

2. Similarly,

Λr = (U22U
′
22)

−1/2U22S2V22(V22V
′
22)

−1/2 = U22U
′
22)

−1/2U22Υ′
2V

′
22(V22V

′
22)

−1/2

showing that Λr is symmetric. Analogous results hold for Λ̂r, Âr,⊥ and B̂r,⊥. Asymptotic normality
of Λ̂r has been proved in Theorem 1 of Kleibergen and Paap (2003). 2
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Homoscedasticity assumptions

Statistic h r = 1 r = 2 r = 3 r = 4 r = 5
0.1 0.0000 0.0000 0.5521 0.7964 0.8226

EIG 0.3 0.0000 0.0000 0.9183 0.9796 0.9571
0.45 0.0000 0.0000 0.9621 0.9859 0.9504
0.55 0.0000 0.0000 0.9666 0.9831 0.9515
0.1 0.0000 0.0000 0.9363 0.8213 0.8052

MINCHI2 0.3 0.0000 0.0000 0.6014 0.6571 0.6323
0.45 0.0000 0.0000 0.5647 0.5475 0.9767
0.55 0.0000 0.0000 0.5976 0.6079 0.8639
0.1 0.0000 0.0000 0.9260 0.9963 0.8091

LDU 0.3 0.0000 0.0000 0.6196 0.3916 0.7088
0.45 0.0000 0.0000 0.6002 0.5589 0.9771
0.55 0.0000 0.0000 0.6383 0.4892 0.8471
0.1 0.0000 0.0000 0.9363 0.8213 0.8052

SVD 0.3 0.0000 0.0000 0.6014 0.6571 0.6323
0.45 0.0000 0.0000 0.5647 0.5475 0.9767
0.55 0.0000 0.0000 0.5976 0.6079 0.8639

Table 1: p-values in rank estimation

Heteroskedasticity assumptions

Statistic h r = 1 r = 2 r = 3 r = 4 r = 5
0.1 0.0000 0.0003 0.4528 0.8336 0.8322

EIG 0.3 0.0000 0.0000 0.7443 0.8837 0.8744
0.45 0.0000 0.0000 0.9355 0.9374 0.9217
0.55 0.0000 0.0000 0.9270 0.9279 0.9262
0.1 — — — — —

MINCHI2 0.3 — — — — —
0.45 — — — — —
0.55 — — — — —
0.1 0.0000 0.0000 0.9084 0.9961 0.8059

LDU 0.3 0.0000 0.0000 0.5983 0.3914 0.7099
0.45 0.0000 0.0000 0.5606 0.5420 0.9773
0.55 0.0000 0.0000 0.6151 0.4809 0.8485
0.1 0.0000 0.0000 0.8867 0.7963 0.8054

SVD 0.3 0.0000 0.0000 0.6034 0.4113 0.6162
0.45 0.0000 0.0000 0.5652 0.5835 0.9772
0.55 0.0000 0.0000 0.6091 0.6056 0.8502

Table 2: p-values in rank estimation
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Figure 1: PP-plots in a simulation study.
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Figure 2: PP-plots in a simulation study.
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Figure 3: PP-plots in a simulation study.

27



Recent FEP Working Papers 

Nº 166 Pedro Cosme Costa Vieira, Multi Product Market Equilibrium with 
Sequential Search, February 2005 

Nº 165 João Correia-da-Silva and Carlos Hervés-Beloso, Contracts for 
uncertain delivery, February 2005 

Nº 164 Pedro Cosme Costa Vieira, Animals domestication and agriculture as 
outcomes of collusion, January 2005 

Nº 163 Filipe J. Sousa and Luís M. de Castro, The strategic relevance of 
business relationships: a preliminary assessment, December 2004 

Nº 162 Carlos Alves and Victor Mendes, Self-Interest on Mutual Fund 
Management: Evidence from the Portuguese Market, November 
2004 

Nº 161 Paulo Guimarães, Octávio Figueiredo and Douglas Woodward, 
Measuring the Localization of Economic Activity: A Random Utility 
Approach, October 2004 

Nº 160 Ana Teresa Tavares and Stephen Young, Sourcing Patterns of 
Foreign-owned Multinational Subsidiaries in Europe, October 2004 

Nº 159 Cristina Barbot, Low cost carriers, secondary airports and State aid: 
an economic assessment of the Charleroi affair, October 2004 

Nº 158 Sandra Tavares Silva, Aurora A. C. Teixeira and Mário Rui Silva, 
Economics of the Firm and Economic Growth. An hybrid theoretical 
framework of analysis, September 2004 

Nº 157 Pedro Rui Mazeda Gil, Expected Profitability of Capital under 
Uncertainty – a Microeconomic Perspective, September 2004 

Nº 156 Jorge M. S. Valente, Local and global dominance conditions for the 
weighted earliness scheduling problem with no idle time, September 
2004 

Nº 155 João Correia-da-Silva and Carlos Hervés-Beloso, Private 
Information:Similarity as Compatibility, September 2004 

Nº 154 Rui Henrique Alves, Europe: Looking for a New Model, September 
2004 

Nº 153 Aurora A. C. Teixeira, How has the Portuguese Innovation Capability 
Evolved? Estimating a time series of the stock of technological 
knowledge, 1960-2001, September 2004 

Nº 152 Aurora A. C. Teixeira, Measuring aggregate human capital in 
Portugal. An update up to 2001, August 2004 

Nº 151 Ana Paula Delgado and Isabel Maria Godinho, The evolution of city 
size distribution in Portugal: 1864-2001, July 2004 

Nº 150 Patrícia Teixeira Lopes and Lúcia Lima Rodrigues, Accounting 
practices for financial instruments. How far are the Portuguese 
companies from IAS?, July 2004 

Nº 149 Pedro Cosme Costa Vieira, Top ranking economics journals impact 
variability and a ranking update to the year 2002, June 2004 

Nº 148 Maria do Rosário Correia, Scott C. Linn and Andrew Marshall, An 
Empirical Investigation of Debt Contract Design: The Determinants 
of the Choice of Debt Terms in Eurobond Issues, June 2004 

Nº 147 Francisco Castro, Foreign Direct Investment in a Late Industrialising 
Country: The Portuguese IDP Revisited, May 2004 

Nº 146 Óscar Afonso and Álvaro Aguiar, Comércio Externo e Crescimento da 
Economia Portuguesa no Século XX, May 2004 

Nº 145 Álvaro Aguiar and Manuel M. F. Martins, O Crescimento da 
Produtividade da Indústria Portuguesa no Século XX, May 2004 

Nº 144 Álvaro Aguiar and Manuel M. F. Martins, Growth Cycles in XXth 
Century European Industrial Productivity: Unbiased Variance 
Estimation in a Time-varying Parameter Model, May 2004 



Nº 143 Jorge M. S. Valente and Rui A. F. S. Alves, Beam search algorithms 
for the early/tardy scheduling problem with release dates, April 
2004 

Nº 142 Jorge M. S. Valente and Rui A. F. S. Alves, Filtered and Recovering 
beam search algorithms for the early/tardy scheduling problem with 
no idle time, April 2004 

Nº 141 João A. Ribeiro and Robert W. Scapens, Power, ERP systems and 
resistance to management accounting: a case study, April 2004 

Nº 140  Rosa Forte, The relationship between foreign direct investment and 
international trade. Substitution or complementarity? A survey, 
March 2004 

Nº 139  Sandra Silva, On evolutionary technological change and economic 
growth: Lakatos as a starting point for appraisal, March 2004 

Nº 138  Maria Manuel Pinho, Political models of budget deficits: a literature 
review, March 2004 

Nº 137  Natércia Fortuna, Local rank tests in a multivariate nonparametric 
relationship, February 2004 

Nº 136  Argentino Pessoa, Ideas driven growth: the OECD evidence, 
December 2003 

Nº 135  Pedro Lains, Portugal's Growth Paradox, 1870-1950, December 2003
Nº 134  Pedro Mazeda Gil, A Model of Firm Behaviour with Equity Constraints 

and Bankruptcy Costs, November 2003 
Nº 133  Douglas Woodward, Octávio Figueiredo and Paulo Guimarães, 

Beyond the Silicon Valley: University R&D and High-Technology 
Location, November 2003. 

Nº 132  Pedro Cosme da Costa Vieira, The Impact of Monetary Shocks on 
Product and Wages: A neoclassical aggregated dynamic model, July 
2003. 

Nº 131  Aurora Teixeira and Natércia Fortuna, Human Capital, Innovation 
Capability and Economic Growth, July 2003. 

Nº 130  Jorge M. S. Valente and Rui A. F. S. Alves, Heuristics for the 
Early/Tardy Scheduling Problem with Release Dates, May 2003. 

Nº 129  Jorge M. S. Valente and Rui A. F. S. Alves, An Exact Approach to 
Early/Tardy Scheduling with Release Dates, May 2003. 

Nº 128  Álvaro Almeida, 40 Years of Monetary Targets and Financial Crises in 
20 OECD Countries, April 2003. 

Nº 127  Jorge M. S. Valente, Using Instance Statistics to Determine the 
Lookahead Parameter Value in the ATC Dispatch Rule: Making a 
good heuristic better, April 2003. 

Nº 126  Jorge M. S. Valente and Rui A. F. S. Alves, Improved Heuristics for 
the Early/Tardy Scheduling Problem with No Idle Time, April 2003. 

Nº 125  Jorge M. S. Valente and Rui A. F. S. Alves, Improved Lower Bounds 
for the Early/Tardy Scheduling Problem with No Idle Time, April 
2003. 

Nº 124  Aurora Teixeira, Does Inertia Pay Off? Empirical assessment of an 
evolutionary-ecological model of human capital decisions at firm 
level, March 2003. 

Nº 123  Alvaro Aguiar and Manuel M. F. Martins, Macroeconomic Volatility 
Trade-off and Monetary Policy Regime in the Euro Area, March 2003.

Editor: Prof. Aurora Teixeira (ateixeira@fep.up.pt) 
Download available at: 
http://www.fep.up.pt/investigacao/workingpapers/workingpapers.htm 
also in http://ideas.repec.org/PaperSeries.html  

http://www.fep.up.pt/investigacao/workingpapers/04.02.23_WP137_Nat�rcia Fortuna.pdf
http://www.fep.up.pt/investigacao/workingpapers/04.02.23_WP137_Nat�rcia Fortuna.pdf
mailto:ateixeira@fep.up.pt
http://www.fep.up.pt/investigacao/workingpapers/workingpapers.htm
http://ideas.repec.org/PaperSeries.html


FEP 2005


