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Abstract

This paper analyzes the location patterns of �rms in Cournot spatial discrimination set-

ting. The innovation step is that �rms are allowed to have di¤erent marginal costs of the

production. When analyzing the two-stage location-quantity game, we conclude that �rms

choose the central agglomeration outcome whatever the marginal cost di¤erence between

them. When maximizing social welfare, the social planner chooses the central location for

both �rms as well if the marginal cost di¤erences are not too big. When allowed to decide if

the ine¢ cient �rm should be in the market or not, the social planner removes the ine¢ cient

�rm from the market if its cost is too high.
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1. INTRODUCTION

Most studies about �rms�behavior and market structure assume that �rms are equal in

many characteristics. Although this is a very natural assumption, not only due to mathe-

matical simplicity, but also to isolate the e¤ects of �rms�asymmetries from the e¤ect one is

trying to study, in truth �rms do not always face the same conditions, especially when they

have signi�cant market power. When a small number of �rms compete for the same market,

�rms usually follow strategies to di¤erentiate themselves in order to increase pro�ts. Di¤er-

entiation strategies can be based on, the production process, R&D investments, advertising

campaigns, distribution channels, product quality, product variety, and many more.

In this paper, we adapt the spatial quantity discrimination setting allowing �rms to

have di¤erent marginal costs of production. The di¤erence in marginal cost summarizes a

great variety of di¤erences between �rms. For instance, higher quality of production can be

modeled by attributing to one �rm an advantage in the marginal cost, since its e¤ects are

similar to having a decrease in the marginal costs. Under this framework our main question is:

how �rms react in terms of the location decisions when facing a production cost advantage?

Additionally we analyze the optimal decisions of the social planner when facing �rms with

di¤erent technologies of production. We allow the social planner to control the locations of the

stores of both �rms, as well as to remove the ine¢ cient �rm out of the market if its presence

hurts the global social welfare of the economy. This paper tests the robustness of Anderson

and Neven (1991) results when �rms face di¤erent marginal costs, as well as the conclusions

of Matsumura and Shimizu (2005) regarding social welfare. In addition, this paper provides a

starting point for analyzing more complex questions as the ones that happens when di¤erent

marginal costs are endogenous. For instance, when analyzing location-dependent marginal

costs in the city, analyzing R&D investments decisions of �rms, analyzing models where

�rms are uncertain about their marginal costs, studying Incumbent vs Entrant problems

with di¤erent marginal costs, and so on.

We conclude that the central agglomeration result known in the literature holds for any

di¤erence in the marginal costs of both �rms, which comes in opposition with the result

found in price competition, where no agglomeration equilibrium is found. Regarding social

welfare, we conclude that central agglomeration result only holds if the di¤erence between

the marginal costs of both �rms is not too high. Also, when allowing the social planner to

prevent the high cost �rm from entering the market, we conclude that this �rm would not be

allowed to enter if the marginal cost di¤erence becomes too high. Additionally, we conclude

that for lower values of the marginal cost di¤erence, the optimal location pattern implies

that �rms are always located in the center of the city, either in monopoly or in duopoly.
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The paper is organized as follows. Section 2 provides the theoretical background for the

model. Section 3 presents the model and solves the two-stage location quantity game problem

of pro�t maximization for each �rm. Section 4 includes the analysis of the problem of the

maximization of social welfare. Section 5 concludes.

2. THEORETICAL BACKGROUND

The idea of competition between two �rms where in the �rst place �rms choose the lo-

cation in a linear city and then compete in prices was developed by Hotelling (1929). This

two-stage game where location is the �rst choice of �rms attracted the interest of many

scientists, since it provides a relatively simple tool to introduce space (either physical or

product space) in competition between �rms. Hotelling concluded that �rms would agglom-

erate in the center of the city, which became widely known as the "Principle of Minimum

Di¤erentiation".

However, 50 years after the original paper by Hotelling, a paper by d�Aspremont et al.

(1979) appeared and introduced quadratic transportation costs in the previous framework,

which allowed for better mathematical tractability, since under this assumption the demand

and pro�ts become continuous functions with respect to the price decisions of the �rms. The

mathematical tractability, combined with the fact that the resulting location of that game is

maximum di¤erentiation between both �rms led to a signi�cant expansion of the �eld in the

1980s and the 1990s. Many papers were published in important journals in Economics, either

generalized or specialized in Regional and Urban Economics and in Industrial Organization

during that time (Biscaia and Mota, forthcoming).

The introduction of competition in quantities in the linear city framework is due to

Greenhut and Greenhut (1975). Each �rm chooses to deliver a given quantity to separable

markets that are located throughout every point in the city. Some years later, Hamilton et

al. (1989) and Anderson and Neven (1991) replicated the two-stage game by Hotelling using

quantity instead of price competition in the second stage. Hamilton et al. (1989) concluded

that when transportation costs are linear, �rms choose to agglomerate at the city center.

Anderson and Neven extended this result allowing for di¤erent transportation con�gurations,

and concluded that central agglomeration is the optimal result if the transportation costs are

convex. This equilibrium result is also extended for n �rms if transportation costs are linear.

Since the appearance of Cournot two-stage game, some important extensions and results

followed. An important extension is Gupta et al. (1997), which abandoned the uniform

distribution of consumers across the city and studied the location equilibrium allowing for

di¤erent types consumers�distribution. The authors conclude that both agglomeration and

dispersed equilibriummay arise. For the case of duopoly, if the consumer density is su¢ ciently
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thick in all points of the city, then central agglomeration is the only equilibrium. In a similar

approach, , Shimizu (2002) studied the degree of complementarity/substitutability and for the

linear city case, concluded that the agglomeration result remains unchanged independently

of the relationship between both goods.

Matsumura and Shimizu (2005) focused on the social welfare results of the locations

decisions. They conclude that, when in a duopoly, agglomeration at the center can be an

optimal location from the point of social welfare, given that consumer density is su¢ ciently

thick in all points of the market.

Chamorro-Rivas (2000) and Benassi et al. (2007) lowered the reservation costs of the

consumers, unrestricting the model in the sense that every �rm does not have to supply every

point of the market. Chamorro-Rivas (2000) concluded that a second equilibrium solution

arises, and therefore central agglomeration is no longer a unique equilibrium. Benassi et al.

(2007) �nd that for even lower reservation costs than Chamorro-Rivas, central agglomeration

ceases to be an equilibrium and �rms disperse in symmetric patterns.

The question on how �rms behave if they have di¤erent marginal costs is yet to be

answered conveniently in the competition by quantities setting. In Bertrand, this problem

was addressed by Ziss (1993), who concluded that the principle of maximum di¤erentiation

holds if the di¤erence between the marginal costs of both �rms is not too big. After a certain

threshold, �rms are not able to �nd location equilibrium, since the low-cost �rm wishes to be

as close as possible to the opponent, while the other �rm wishes to be as far as possible. An

important extension is the work of Matsumura and Matsushima (2009), which extends the

Location-Price game of Ziss but allowing for mixed strategies in the location stage. For the

cost di¤erentials where no pure strategy equilibrium exists, the mixed equilibrium involves

each �rm choosing to locate in each extreme of the market 50% of the time.

3. THE MODEL

The model follows all assumptions detailed in Anderson and Neven (1991), which in turn

are similar to the ones in Hotelling (1929) except for the ones that allow competition in

quantities to be tractable. In our model two �rms compete in a linear city, assumed to have

1 in length, in a two-stage game. In the �rst-stage both �rms choose simultaneously their

location in the city, and then they compete in quantities across all markets in the linear

segment. The good sold by both �rms is homogenous. Transportation costs are supported

by the �rms and the unit transportation cost is assumed to be linear with respect to the

travelled distance. Both �rms are able to discriminate between consumers, since �rms control

transportation (transportation costs between consumers are assumed to be high enough such

that they are prohibitive). The di¤erence between the framework of Anderson and Neven
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(1991) is that we allow �rms having di¤erent marginal costs of production.

In each point of market, �rms face a linear market with an inverse demand function given

by P = a � b(q1 + q2). P , q1 and q2 are, respectively, the price and quantities set by each
�rm in a given market point. x1 and x2 are the locationof �rm 1 and �rm 2 respectively and

a is the demand intercept, representing the dimension of the market. Firms have to incur

in marginal costs of production, represented by c1 and c2. Without loss of generality, we

assume b = 1 and we assume that �rm 1 has higher costs of production than �rm 2 (c1 > c2).

Similarly to Anderson and Neven (1991), we assume that a is high enough such that both

�rms serve all points in the market. Given the di¤erent marginal costs, the restriction is given

by a > 2t+2c1� c2. The concept of equilibrium used is Subgame Perfect Nash Equilibrium,
and the game is solved by backward induction.

3.1. Quantity Stage

In the �rst stage, �rms decide simultaneously how many goods they sell to each point in

the market. Firms are allowed to discriminate between di¤erent markets in the city, providing

an optimal quantity for each market point. In each point, the calculations are equivalent to

a non-spatial Cournot, with the marginal cost of each �rm being its unit transportation cost

to that speci�c point plus the marginal cost of production. Therefore, the pro�t functions

for each �rm are given by:

�1;x(q1; q2; x1; x2) = (a� (q1 + q2)� t jx� x1j � c1)q1

�2;x(q1; q2; x1; x2) = (a� (q1 + q2)� t jx� x2j � c2)q2

Doing the standard maximization procedures in terms of Cournot competition, the opti-

mal quantities supplied by each �rm to a given point x is given by:

q1;x =
1
3
a� 2

3
c1 +

1
3
c2 � 2

3
t jx1 � xj+ 1

3
t jx2 � xj

q2;x =
1
3
a+ 1

3
c1 � 2

3
c2 +

1
3
t jx1 � xj � 2

3
t jx2 � xj

With the SOC always veri�ed for feasible values of the each variable. So, the total pro�t

for both �rms is given by the sum of the pro�ts of all market points. That can be calculated

on the following way.

�1;x =
1
9
(a� 2c1 + c2 � 2t jx1 � xj+ t jx2 � xj)2

�2;x =
1
9
(a+ c1 � 2c2 + t jx1 � xj � 2t jx2 � xj)2

However, the objective functions of both �rms cannot be directly calculated due to the

existence of absolute value expressions. Therefore, the integrals have to be separated before

being computed, as done similarly by Anderson and Neven (1991).
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�1(x1; x2) =
R 1
0
(1
9
(a� 2c1 + c2 � 2t jx1 � xj+ t jx2 � xj)2)dx (1)

�2(x1; x2) =
R 1
0
(1
9
(a+ c1 � 2c2 + t jx1 � xj � 2t jx2 � xj)2)dx

The objective functions are dependent on �rms�location choices, �rms�marginal costs,

the demand intercept and the value of unit transportation costs.

3.2. Location Stage

To determine the optimal location for each �rm, we apply the �rst-order conditions to

each �rm�s objective function, with respect to the location variable.
@�1(x1;x2)

@x1
= 0

@�2(x1;x2)
@x2

= 0

Result:
�
x1 =

1
2
; x2 =

1
2

�
The second-order conditions are always veri�ed for the feasible value of the parameters.

After replacing the optimal location, the pro�t function becomes:

�1 =
1
9
a2� 1

18
at� 4

9
ac1+

2
9
ac2+

1
108
t2+ 1

9
tc1� 1

18
tc2+

4
9
c21� 4

9
c1c2+

1
9
c22 (2)

�2 =
1
9
a2 � 1

18
at+ 2

9
ac1 � 4

9
ac2 +

1
108
t2 � 1

18
tc1 +

1
9
tc2 +

1
9
c21 � 4

9
c1c2 +

4
9
c22

The �rst and most striking result appearing in this model is that the location decision of

both �rms is una¤ected by the marginal costs values of both �rms1. This result is interesting,

and goes against the initial intuition that a �rm with high marginal costs would decide to

move away from the opponent to one of the sides of the market, in order to conquer more

demand in a small region of the city instead of locating in the center. However, analyzing the

pro�t derivative (Equation 1) of the high-cost �rm with respect to its own location decision

after �xing the location of the other �rm in x2 = 1
2
:

@�1(x1;x2)
@x1

(x2 =
1
2
) = 1

9
t (2x1 � 1) (3t� 4(a) + 8c1 � 4c2 + 2tx1)

We �nd that the incentives to agglomerate at the center are similar to the ones in Anderson

and Neven (1991), that is, �rms by deviating from the center increase their transportation

costs in a large part of the market and decrease the transportation costs in a short part of

the market, leading to a decrease in the pro�ts. The di¤erent marginal costs only change

the penalty for moving away from the center: If the marginal costs are too di¤erent, the

high-cost (low-cost) �rm has a lower (higher) penalty from moving away from the center.

This occurs because having such a disadvantage (advantage), �rms sell less (more) quantities

1Another solution was found for this location problem. That solution satis�ed the SOC for some values
of c1 and c2. However, for those values, the resulting solutions would not respect the initial condition that
x1 is lower or equal than x2, from which the integral is built. So it is not valid. The results for this solution
are available upon request to the authors.
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to all the points in the market, and so the transportation costs decrease (increase) comparing

to a more even situation. This penalty is always positive for all feasible values of the model.

A second conclusion is that when comparing to the price competition case, not only

the di¤erence between the marginal cost matters: the absolute value of the marginal costs

also has a role. In Bertrand competition, due to the assumption of inelastic demand and

su¢ ciently high reservation price, having zero or huge marginal costs of production is similar

in terms of pro�ts for both �rms as long as the di¤erence between them remains the same.

In Cournot competition, a more realistic result arises, which is that the di¤erence is not the

only determinant of pro�ts, since having a lower marginal cost expands the markets in all

points of the city, leading to higher pro�ts for both �rms (given that the di¤erence between

both is kept constant). Note that the pro�ts of the �rms cannot be written in terms of the

di¤erence between marginal costs, as it possible in price competition (e.g. see Ziss (1993) or

Matsumura and Matsushima (2009)).

Proposition 2: Contrary to what happens in the price competition model, the absolute

value of marginal cost matters to the results of the model, ceteris paribus.

@�1
@c1

= 1
9
t� 4

9
a+ 8

9
c1 � 4

9
c2

Note that the �rst derivative of the pro�t function after replacing the �nal location values

(Equation 2) is always negative for feasible values of all parameters. This means that pro�ts

increase in increasing terms with a decrease in the marginal cost of a given �rm. In the case

of Bertrand, when location equilibrium solution is found, pro�ts increase in increasing terms

until the low-cost �rm conquers all the market. After that point, further decreases in the

marginal cost imply constant increases of the pro�ts.

4. SOCIAL WELFARE

4.1. Duopoly

In Bertrand studies, the social welfare analysis is con�ned to analyzing the optimal loca-

tion decision of �rms. Due to the existence of inelastic demand, changes in price a¤ect only

the distribution of the welfare between �rms and consumers, but not its total value. When

competing in quantities, however, the social welfare is not only sensitive to locations and to

the di¤erence in the marginal costs, but also to price policies. A price decrease from one �rm

leads not only to an additional advantage over the other �rm, but also to an expansion of

the markets, since the product becomes cheaper and demand has some price elasticity.

We consider that the social planner can intervene in the �rst-stage, choosing the location

of the �rm�s plants in order to maximize the social welfare of the city. The measure of social

welfare considered is the sum of consumer surplus with the pro�ts of both �rms. The pro�ts
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are equivalent to the producer surplus since there are no �xed costs. The consumer surplus

is calculated similarly to the pro�ts, that is, by summing the consumer surplus of all markets

using a de�nite integral.

We set the marginal cost of the e¢ cient �rm to 0. We do so after concluding in proposition

2 that the value of marginal costs is not indi¤erent as in the case of Bertrand. Nevertheless,

this assumption is made without loss of generality, as changes can be only found in the

magnitude of the resulting values. We start by calculating the consumer surplus to add with

the �rms�pro�ts. Then, after �nding the optimal solution for the social planner, we seek

a further explanation for that behavior, by computing the optimal solution when the social

planner is maximizing only the �rms�pro�ts or only the consumer welfare. Then, we check

if the social planner is interested in removing the less e¢ cient �rm from the market, allowing

a monopoly instead of a duopoly. The consumer surplus in each market point is given by the

following expression:

CSx(x1; x2) = (
1
18
(c1 � 2a+ t jx1 � xj+ t jx2 � xj)2)

Then, consumer surplus is calculated using a de�nite integral.

CS(x1; x2) =
R 1
0
CSx(x1; x2)dx

After summing the consumer surplus with the pro�ts of the �rms, represented by equa-

tions (1) and (2) after replacing c2 with 0, we have the expression for the total social welfare

of the city, dependent on the dimension of each market, the unit transportation cost and the

location choice of both �rms.

Matsumura and Shimizu (2005) concluded that, in the case of a uniform distribution of

the consumers, the locations that maximize social welfare are the same that �rms choose

in the location stage, that is, agglomeration at the city center. In the previous section we

proved that the di¤erence between marginal costs of production is irrelevant to the optimal

location decision. However, is x1 = 1
2
; x2 =

1
2
still optimal when concerning social welfare?

Maximizing social welfare with respect for both location variables, we have that:

@SW
@x1

= 7
9
t2x21+

7
9
t2x22� 11

9
tc1+

11
9
t2x1� 7

9
t2x2+

4
9
at� 2

9
t2� 14

9
t2x1x2� 8

9
atx1+

22
9
tc1x1 = 0

@SW
@x2

= 7
9
tc1� 7

9
t2x22� 7

9
t2x21� 7

9
t2x1+

11
9
t2x2+

4
9
at� 2

9
t2+ 14

9
t2x1x2� 8

9
atx2� 14

9
tc1x2 = 0�

x1 =
1
2
; x2 =

1
2

�
;

After replacing the optimal location in the Social Welfare, it becomes:

SW = 4
9
a2 � 2

9
at� 4

9
ac1 +

1
27
t2 + 1

9
tc1 +

11
18
c21 (4)

The second-order conditions for the central agglomeration solution hold only if c1 < c01

with c01 = � 8
77
a + 1

7
t + 1

77

p
�3564at+ 1296a2 + 1507t2. That is, if the disadvantage of �rm
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1 becomes too high the central agglomeration result ceases to be optimal from the social

welfare point of view. The second solution satis�es the SOC for all the feasible value of the

parameters, but the location pattern either falls out of the linear city or x1 > x2, which does

not re�ect the true pro�ts of the �rms, due to the way the de�nite integral is constructed.

hence, central agglomeration only holds as an optimal result if the ine¢ cient �rm is not too

ine¢ cient. For higher values of the marginal cost of the ine¢ cient �rm, no maximum is

found. 2

Proposition 3: Central agglomeration for both �rms maximizes social welfare if the mar-

ginal cost of the ine¢ cient �rm is lower than c01 with c
0
1 = � 8

77
a+1

7
t+ 1

77

p
�3564at+ 1296a2 + 1507t2

To better understand this result, we separate the analysis of the optimal decision of the

social planner when maximizing each of the components of the total social welfare. First

we consider the consumer surplus and secondly the pro�ts of both �rms. The last case is

equivalent to consider collusion between the �rms in the location-stage. After satisfying the

FOC for the maximization problem of the consumer surplus, the solutions are:�
x1 =

1
2
; x2 =

1
2

�
;
�
x1 =

1
2t
(�2a+ t+ c1) ; x2 = 1

2t
(2a+ t� c1)

�
The central agglomeration solution satis�es the SOCs for a maximization problem for all

feasible values of the variables, while the second solution satis�es the SOC for a minimization

problem. Therefore, the optimal location for the consumer welfare maximization problem is

central agglomeration, with the marginal costs of production of both �rms having no in�uence

on that outcome.

Proposition 4: Irrespectively of the marginal cost of production of the ine¢ cient �rm,

consumer surplus is maximized when both �rms agglomerate at the center.

A similar result is presented in Matsumura and Shimizu (2005), with central agglomera-

tion being an optimal result to consumer welfare independently of the consumer distribution

in the city. The intuition of this result is that the e¢ ciency of transportation of both �rms is

the highest when located at the center, so that they provide goods all over the city with lower

cost when located there. This component of the social welfare does not contribute to the

explanation on why the second-order conditions of the maximization problem cease to verify

for a large di¤erence in the marginal costs of both �rms, since the consumer welfare maxi-

mization is an agglomerative force to the decision of the social planner. Then, the dispersion

force must be the maximization of �rms�pro�ts.

Maximizing the producer surplus, we have that the central agglomeration result appears

again as a candidate for a maximum:
2Since we are maximizing a continuous function in a compact set, there must be a solution. However, we

aren�t able to �nd it for all values for c1.
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�
x1 =

1
2
; x2 =

1
2

�
Hence, only if the di¤erence between marginal costs of both �rms is not that big, c1 < c001;

with c001 = � 1
40
a + 1

16
t + 1

80

p
�1620at+ 324a2 + 745t2, even after considering that a is big

enough such that both �rms serve the market, the central agglomeration result may not

be a maximum for �rms�pro�ts. This result happens because when one �rm becomes too

ine¢ cient, the social planner prefers to remove that �rm from the city central position such

that it produces fewer quantities possible3.

Proposition 5: Central agglomeration maximizes producer surplus if the marginal cost of

the ine¢ cient �rm is lower than c001, with c
00
1 = � 1

40
a+ 1

16
t+ 1

80

p
�1620at+ 324a2 + 745t2

If the ine¢ cient �rm stays at the center, it produces quantities to all locations in the city

at a lower margin than the e¢ cient �rm. Moreover, it forces the e¢ cient �rm to diminish

its output, which reduces the sum of their pro�ts. Like in the total social welfare case, the

second solution satis�es the SOC for all the feasible value of the parameters, but the location

pattern is not valid.

This result sheds some light on the result for social welfare as a whole: what motivates

the social planner to make �rms leave the central location is the pro�ts of the �rms and not

the consumer surplus. Analyzing the e¤ects of changing the marginal cost of the ine¢ cient

�rm on total social welfare allows a better explanation of the intuition behind this result.

@SW
@c1

= 1
9
t� 4

9
a+ 11

9
c1

So, if c1 becomes su¢ ciently big, the derivative c1 > 4
11
a � 1

11
t becomes positive, which

means that a decrease in the marginal cost of the ine¢ cient �rm decreases social welfare. This

strange result happens because at a certain point, the �rm is so ine¢ cient that by producing

the good it diminishes at an higher extent the pro�ts of the e¢ cient �rm. Imagine now a

small decrease in the marginal cost of the ine¢ cient �rm. It has two positive e¤ects. A �rst

e¤ect is that the ine¢ cient �rm is able to produce more goods, which leads to an expansion

of its pro�t. A second e¤ect is an expansion of the total quantity and a reduction of the price

in all markets, which expands the consumer surplus. However, there is a negative e¤ect: The

e¢ cient �rm is forced to reduce its output, due to the expansion of the opponent�s quantities.

After c1 > 4
11
a� 1

11
t, the negative e¤ect becomes stronger than the sum of the positive e¤ects.

Nevertheless, this result is never attained, since the central agglomeration location ceases to

be optimal for a lower threshold value of c1 < � 1
40
a+ 1

16
t+ 1

80

p
�1620at+ 324a2 + 745t2.

3The optimal solution for the social planner (given that the ine¢ ciency becomes even higher) would be
to make the more e¢ cient �rm to produce all the quantities. Note however that the quantities have been
previously decided in the �rst-stage.
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4.2. Optimal Market Structure

In Industrial Organization, it is typically assumed that having more than one �rm is pos-

itive in terms of social welfare, since it expands consumer surplus more than the contraction

in the producer surplus. This result is present in the analysis of non-spatial Cournot markets,

when �rms have the same marginal costs. However, as shown in the previous section, the

presence of an ine¢ cient �rm might lead to lower producer surplus, which compromises the

social welfare purposes. Is it possible that to high levels of ine¢ ciency the social planner

prefers to remove the ine¢ cient �rm from the city? To answer this question, we compare

the social welfare in the monopoly case with the one obtained a duopoly situation. Then,

this analysis is equivalent to a three-stage model, where in the �rst stage the social planner

chooses the market structure between monopoly and duopoly, in the second stage chooses

the optimal location of �rm(s) and in the third stage �rms choose their quantities.

We assume that the monopolist is the e¢ cient �rm and therefore its marginal cost of

production is set to 0, as in the previous subsection. For the purpose of mathematical

simplicity in this section, we restrain our analysis to the case of unit transportation costs

equal to 1. By standard calculations we determine the quantities supplied by the monopolist

to each market in the city. Then, the pro�ts and consumer surplus for each market point are

added using a de�nite integral. The resulting expression is the social welfare depends on the

location choice, dimension of the market and transportation costs. The social planner then

chooses the optimal location for the monopolist, such that it maximizes social welfare. This

location is again the central location (xm = 1
2
), since it minimizes the transportation costs.

Notice that if the monopolist maximizes his pro�ts the choice of location would be the same.

The social welfare of the monopolist is given by:

SW (xm) =
3
8
a2 � 3

4
ax2m +

3
4
axm � 3

8
a+ 3

8
x2m � 3

8
xm +

1
8

After satisfying the FOC, the optimal solution is central location.

@SW
@xm

= �3
8
(2a� 1) (2xm � 1) = 0

xm =
1
2

The second order conditions are met for all the feasible values of both parameters. Also,

it holds for any value of unit transportation costs as well. The social welfare after introducing

the location choice is given by:

SW = 3
8
a2 � 3

16
a+ 1

32

We have to compare this value with the social welfare in the case of a duopoly, which

is expressed in equation (4) after replacing the unit transportation cost to 1. By doing

the di¤erence between both expressions, we conclude that the social planner prefers to be
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in a monopoly when c1 2 [�; �] with � = 4
11
a � 1

132

p
3
p
108a2 � 54a� 7 � 1

11
and � =

4
11
a+ 1

132

p
3
p
108a2 � 54a� 7� 1

11
] , that is, when c1 becomes su¢ ciently high. The higher

threshold value � cannot be reached for feasible values of the parameters, since in that case

we do not have both �rms selling the good in all points of the market. We still have to check

whether the social planner prefers to keep the two �rms in a di¤erent position of the market

other than central agglomeration or if it prefers the monopoly situation.

In the previous subsection, we determine that the central agglomeration solution holds

while c1 < c01 =
1
77

p
1296a2 � 3564a+ 1507 � 8

77
a + 1

7
(after replacing for t=1). Also, when

solved in order to c1, the conditions that ensure that both �rms sell in all points of the city

is given by c1 < 1
2
a � 1. Note also that these two expressions, plus the minimum threshold

for when the monopoly becomes preferable, are all increasing in a for the relevant values of

the parameters. Figure 1 shows the relationship between the three expressions.

Figure 1 - Results of the three-stage game
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We can see that when both �rms are obliged to serve all points in the market, there are

three di¤erent regions of equilibrium outcomes. When the marginal cost of the ine¢ cient

�rm is low, duopoly is the preferred situation for the social planner. As the marginal cost

rises, monopoly becomes the preferred outcome. For higher values of the marginal cost, we

are not able to �nd the optimal values of location in the duopoly case, so no comparison is

possible.

Proposition 6: If the marginal cost of the ine¢ cient �rm becomes higher than � with

� = 4
11
a� 1

132

p
3
p
108a2 � 54a� 7� 1

11
, the regulator prefers to remove it from the market.
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Proposition 6 also occurs in the case of a non-spatial Cournot. In that case, the social

planner prefers to remove the ine¢ cient �rm if its marginal cost becomes higher than (Sci-

enti�c, (5/22)*a). This threshold can also be found in our results after replacing t=0. The

e¤ect of transportation costs in this threshold is decreasing, that is, an increase in t lowers

the threshold value for the ine¢ cient �rm to be removed.

5. CONCLUSION

In this paper, we analyze the quantity location game when �rms have di¤erent production

costs. We solve the pro�t maximization problem. Moreover, we also study the social planner

problem both when it controls the �rms�locations and when, additionally, it decides whether

the ine¢ cient �rm can enter the market.

We conclude that the central agglomeration result of Anderson and Neven (1991) and

Hamilton et al. (1989) still holds for any di¤erence in the marginal costs of both �rms. In

terms of social welfare, we conclude that the central agglomeration result found by Mat-

sumura and Shimizu (2005) only holds if the di¤erence between the marginal costs of both

�rms is not too high. The dispersion force comes from the �rms�pro�ts, since the consumer

welfare is always maximized with �rms agglomerating in the center of the city. When allowing

the social planner to prevent the ine¢ cient �rm from entering the market, we conclude that

when we are able to �nd a solution for duopoly, the optimal location outcome implies that

�rms are always located in the center of the city, either in monopoly or in duopoly. More-

over, we conclude that the social planner prefers a monopoly when one �rm is su¢ ciently

ine¢ cient.

Future research should focus on explaining the reasons why �rms would di¤erentiate in

terms of marginal costs. That could occur, for instance, when analyzing location-dependent

marginal costs in the city, analyzing R&D investments decisions of �rms, analyzing mod-

els where �rms are uncertain about their marginal costs, studying incumbent vs. entrant

problems with di¤erent marginal costs, studying supplier/retailer relationships, and many

more.
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